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ABSTRACT 

 

This research studies the electrical power reduction and control analysis of various motion tasks of 

a humanoid robot. These motions include standing up and sitting down. Each motion’s tasks have their 

stable and unstable phases throughout the complete motion cycle. Unstable phases can be caused by 

gravity forces and improper handling of the upper body of the humanoid robot leaning too forward or 

backward. Even though most of the dynamic motions seem to be accomplished very simply by humans; 

standing up and sitting down could create challenges for humanoid robots. Some of the critical challenges 

researches face are: dynamic nature of motions, humanoid robot joint coordination, whole body balance, 

stability of the model, limited energy source, energy saving techniques and modeling. Dynamic motions of 

humanoid robots can be modeled and analyzed to reduce electrical power use. In order to accomplish such 

energy savings, a researcher needs to study the kinematics, dynamics of a humanoid, and motion tasks 

with given constraints. The robot in this research is modeled as a planar humanoid robot. All motion tasks 

of a humanoid robot are characterized in terms of motion variables. These motion variables include joint 

angular positions, joint angular velocity, joint angular acceleration, humanoid robot center of mass (CoM) 

position, velocity and acceleration change and center of pressure (CoP) position change. All mathematical 

models are completed so that electrical power analysis of each task produce comparable results. Humanoid 

robot joint cost functions related to energy consumption are used to define joint input electrical power used, 

joint mechanical power used, joint mechanical power dispersion and joint power loss due to torque required.  

In this research, a 4-link 3-joint humanoid is modeled for standing up and sitting down tasks. For 

each task, kinematics and dynamics models are created, motion constraints are found, energy and power 

usage analysis for whole robot and for individual joint motors are accomplished. By finding the best energy 

usage per motion variable, humanoid robot used less input electrical power to accomplish the motion task.  
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CHAPTER 1: INTRODUCTION 

 

In the last few decades, robotic research and advancement have extended from traditional 

industrial manipulators to contain autonomous humanoid robots. Advancement in humanoid robots have 

produced many significant accomplishments. These advancements are due to improvements in other 

areas, such as computer technology, motor actuation and control, sensor technologies and other enabling 

technologies. Research being developed on humanoid robots and other legged robots has been growing. 

Humanoid research includes many areas from different disciplines contributing to the development of the 

overall autonomous humanoid research.  

A robot in general can be a complex mechanical system to work with. A humanoid robot’s dynamic 

and kinematic complexities are even bigger than most of the service they render compared to other mobile 

robots. Humanoid robots need to be autonomous all the time. New materials, technologies and chemistry 

have allowed the development of better subsystems of humanoid robots. For example, battery units now 

weigh less, are smaller in size and last longer in general usage. Even though results obtained are improving, 

they are not enough for an autonomous humanoid robot to perform complex for an extended period of time 

before the need to recharge the battery. Dynamic actions are the most energy consuming tasks for a 

humanoid. Inevitably, there is a need to determine what is the humanoid robot’s least possible use of energy 

to complete a given task. As the energy efficiency increases, the autonomy of the humanoid robot will also 

increase. 

Overall humanoid robot mechanical design and control is an important criteria for better energy 

usage. After a humanoid robot is put together physically, the motion task quality is dependent on the 

controller. A well designed humanoid robot control system prevents the robot from unstable motions, 

configurations, deliver energy efficient motions with better joint velocities, trajectories, and adapt to 

environmental changes and disturbances.  

Using limited energy provided to a humanoid robot by a battery unit is a challenging problem. 

Autonomous humanoid robot are made of many different parts. Sensors such as vision, infrared, force 
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sensing sensors and sonar; collect environmental data and transmit the data to the robot controllers. DC 

motors transform the electrical energy to mechanical energy, which enables the humanoid to accomplish 

its dynamic motions, such as standing up, walking, and sitting down. Energy consumption of a humanoid 

robot happens not only because of dynamic motion creation and execution but also because of the 

humanoid robot’s other subcomponent power demands for sensing, controlling and communicating 

between parts. Despite this fact it is important to investigate that all components can be managed to reach 

reduced energy consumption, since DC motor activation and control consumes the most energy required 

by many dynamic and static motions tasks. [1] 

 Most of the energy consumption of a joint DC motor depends on the motor angular velocity, angular 

acceleration and angular deceleration. Each joint has a different energy consumption profile depending on 

the dynamic motions and given motion variables. Each joint energy consumption profile is studied for 

energy performance used, lost energy, current consumption and input power demand. 

Energy consumption saving is particularly important in humanoid robots having extensive degrees 

of freedoms (DoF) where even a simple humanoid robot can consist of over 10 DC motors between its 

ankles and hip [2] [3]. This complexity of the humanoid robots makes it critical to model new strategies to 

study and optimize the energy consumption since energy usage increases with increasing autonomy of 

humanoid robots. [4] 

 In this research, part of the problem is to model the angular position and angular velocity of joints 

so that each joint electrical power consumption and overall humanoid electrical power consumption can be 

minimized for any dynamic tasks. In order to accomplish modeling of velocity and acceleration of the joints, 

their power consumptions are modeled first. Humanoid motions are characterized by these motion variables 

to search for values that will reduce the electrical power consumption, establish a relationship between 

these motion variable and individual joint energy performances for further analysis. If a humanoid robot 

realizes a particular tasks, it should consume minimal electrical power in total and each individual joint 

should operate with minimal electrical power required due to the fact that battery is only a limited energy 

source.  On the other hand if humanoid robots use different motion variable for certain tasks in order to 

accomplish shorter or longer motion task times, its individual joint energy consumption and overall energy 

consumption will be different each time those motion variables change. In order to achieve a desired energy 
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consumption level, a researcher needs to take many dynamic and non-linear variables caused by motions 

into account and find a tradeoff point with better electrical power usage efficiency for individual joints and 

whole humanoid robot, as well as motion task accomplishment times (faster or slower).The desired 

performance of the given task will critically effect the humanoid robot power demand and energy 

consumption during each task. 

The motion of standing up from crouch position and sitting down seem like an apparent simple and 

everyday motion for humans, but it is a difficult dynamic motion for biped robots. Accomplishment of these 

motion tasks necessitate the humanoid balance, control of the biped’s CoM location and CoP location as it 

stands over in a small support area between both feet. It is the goal of this research study to have such a 

motion and better understanding of biped’s dynamic, kinetic complexities and postural capabilities to 

analyze and reduce the humanoid’s energy usage. The feet contact forces of the humanoid are recorded 

as it executes the motions. The CoM location of a humanoid robot represents a crucial factor, which is used 

as a guide for the robot. [5] 

 With the aim of analyzing the energy efficiency, the balance of the humanoid robot during standing 

up, sitting down, humanoid CoM and humanoid CoP positions are taken into consideration. A controller 

model that accounts for the constraints of location of CoM and CoP is presented. These constraints are 

used by the humanoid robot balancing and at the same time achieve better electrical power efficiency with 

this balanced body structure. A balanced humanoid with proper torso placement over ankles, proper 

positioning of CoM and CoP in humanoid robot support area, a better electrical power efficient model that 

saves overall energy, is achieved. The humanoid robot will avoid violating the CoM and CoP constraint by 

using torques required for each joint. These torques are also directly affected by other joints angular 

positions and angular velocities. The torques required by the controller for balancing, define the proper 

location of the CoM and CoP.  

 In general, simplified models of humanoid robots that are used to analyze the characteristics of 

dynamic motions have been utilized in many research topics and applications. All the models created for 

the kinematics and dynamics of a humanoid robot, constraints of the motions, trajectory generation and 

tracking, and error compensation for positions; are used in correlation with the dynamics of the humanoid 

robot that were not modeled. Results of these models are the undertakings driving dynamic humanoid 
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robots that can accomplish standing up or sitting down. All those findings face many problems which make 

it necessary to analyze the energy saving techniques.  

 Balancing is another important control problem. It is possible to achieve the balance by adjusting 

the CoP and CoM and at the same time ensuring that the humanoid maintains its balance. The control of 

humanoid standing by ankle joint approach keeps all joints fixed with the exception of the ankle joint, and 

balances the humanoid like an inverted pendulum. The control of hip joint approach is accomplished mainly 

by using the hip joints. This control can cause a relocation of the CoM backward or forward. 

 It is the intent of this research to investigate humanoid motions with a desired energy consumption 

with proper dynamic motion balance. The direction of this research is to provide alternative models to 

analyze and control the energy consumption on joint level as well as on humanoid robots overall. Once 

each joint can be analyzed independently, the energy demands of each joint can be evaluated under 

different dynamic conditions. With this information from each joint actuator of humanoid robots, and different 

dynamic motion variables, motion tasks performance expectations can be adjusted to achieve increased 

energy efficiency by preferred energy consumption indexes.  

Energy efficient motions find the joint trajectories and determine the velocities. There may be 

multiple trajectories to accomplish the same motion. This study focuses on comparing the energy used by 

joints. Energy efficiency can be obtained by finding better joint trajectories, and velocities, without repeated 

accelerations. If a humanoid robot has a short trajectory that includes several accelerations, energy usage 

can increase. A longer trajectory could require reduced energy if there is not too much acceleration. 

 Experiments are setup and completed on a physical robot, Aldebaran NAO v4, which is actuated 

by DC motors, and has joint reduction gears, joint position, current sensors, and foot force sensitive 

resistors under each foot. In order to apply controllers and constraints, NAO is given the joint trajectory and 

angular velocity data for each task. During each task all power and energy related data is collected from 

the robot for further analysis. Three main joints studied with the real robots are ankle, knee and hip joints. 

This humanoid robot is modeled after a planar robot, 4 links for standing up and sitting down task. 

1.1 Motivation 

Robots have been widely used in the industrial fields and in the last couple of decades there is an 

increasing interest in humanoid robot design and in a variety of industries and academic fields. Using 
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humanoid robots with enhanced autonomous abilities in service areas, and manipulation of industrial 

productions are some of the future possibilities. With its ever increasing processing power and dynamic 

abilities, a humanoid robot will have an intelligent autonomy to interact within the environment. With its 

human-like appearance, a humanoid robot can easily replace many jobs that humans do every day. There 

is an increasing research community about the humanoid robot modeling, design and application. Different 

research areas are focusing on control, programming, and electrical subsystems designs. With ever 

increasing difficulty of its structure and control models, there is always a very critical energy consumption 

problem with all autonomous humanoid robots. With its limited energy resource, humanoid robots will need 

to use minimal electrical power with all tasks it will accomplish, and it will need to be intelligent enough to 

decide its motion parameters for better energy usage.  In this research, the humanoid robot minimal 

electrical power usage is studied for certain dynamic motions. 

1.2 Objective 

The main objective of this dissertation is to contribute to the analysis and reduction of electrical 

power consumption by offering a control and analysis method to achieve simplified models that can be 

utilized for humanoid robot overall electrical power consumption and joint individual electrical power 

consumption. 

First objective is to model dynamic motions of the humanoid robot with joint absolute and relative 

angle values. The dynamic modeling describes the motions of the humanoid robot.  

Second objective is to define constraints for humanoid robot kinematic relationships between body 

parts, which includes feet, legs, and torso. Control algorithm is used for regulating the robot motions for 

analyzing the prescribed motions.  

Third objective is to analyze the dynamic motions in terms of their effect on electrical power 

consumption per joints and on the whole humanoid robot body. With changing motion variables, electrical 

power consumption will change, this will provide a per joint electrical power analysis for better assessment. 

Objectives of this research study can be summarize as follows: 

 The improvement of the electrical power usage analysis of the humanoid robot overall and its joint 

DC motors individually. This improvement is based on the fact that effects of dynamic motions of 

multiple degrees of freedom on energy consumption is too complex to model and analyze.  
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 Humanoid robot dynamic motions are characterized in terms of motion variables, such as joint 

position, joint angular velocity and acceleration, center of mass position, CoM angular velocity and 

acceleration, CoP position 

 Define constraints for motion variables so that humanoid robot will not violate the limits imposed 

for balance and stability 

 In order to achieve better electrical power efficiency, search for motion variables for standing up, 

sitting down tasks 

 Define cost functions that are defined to analyze the joint current consumption, joint input electrical 

power consumption, joint produced mechanical power, joint mechanical power dispersion over 

time, joint produced torque, joint energy loss due to torque produced 

 Experiment findings on a real robot 

1.3 Contribution of This Research 

This research proposes an approach for the analysis and reduction of the electrical power used 

per joints and overall humanoid robot. Some key contributions are summarized below. 

 Control aspect of the kinematic and dynamic motions for sitting down, standing up are developed 

 Dynamical model is used for standing up (4-link 3-joints model)  

 Development of an energy analysis method for individual joints to analyze the effect of the dynamic 

nature of the humanoid robot motions 

 Development of an energy analysis method for the whole humanoid robot to see the effect of the 

motion variables on the overall energy usage 

 The improvement of the electrical power usage analysis of the humanoid robot overall and its joint 

DC motors individually by finding the best motion variables based on the fact that effects of dynamic 

motions of multiple degrees of freedom on energy consumption is too complex to model and 

analyze 

1.4 Definitions of Some Terms 

 The following list show some of terms used throughout the dissertation. 

 Center of Mass (CoM): the mean location point of the overall weight of the humanoid 

 Center of Pressure (CoP): a point where total sum of pressure acts under the foot in support area. 
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 Kinematic: the motion of links and joints 

 Dynamic: the motion of links and joints under the action of torques 

 Torque: the rotational force developed in the DC motor due to the applied electrical input power. 

 Humanoid: a biped robot resembling a human in its shape 

 Autonomous Robot: a robot acting independently. 

 Electrical Power: the product of voltage and current at the motor input. 

 Mechanical Power: the output from a DC motor, which is the product of torque and velocity. 

 Degree of freedoms (DoF): a direction in which a motion can occur 

 Joint: a point on the robot where two links joins together, it also represents a degree of freedom. 

1.5 Organization of This Dissertation 

This research includes different sections. Chapter 2 includes the literature review, Chapter 3 

includes the 4-link planar humanoid model for standing up sitting down (such as humanoid dynamical 

modeling, center of mass location analysis, center of pressure location analysis with movement synthesis, 

and effective energy utilization analysis), Chapter 4 presents the model tracking control, Chapter 5 presents 

the mechanical and electrical power performance and evaluation, Chapter 6 presents the joint motor 

dynamics and control, , Chapter 7 presents the experimental setup and the results, Chapter 8 presents 

minimizing energy consumption with Q learning algorithm for standing up and sitting down motions, Chapter 

9 shows the conclusion. 
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CHAPTER 2: LITERATURE REVIEW 

 

2.1 Energy Saving Researches 

Human locomotion does not seem difficult to accomplish for humans. Standing up and sitting down 

can become real challenges when they are implemented by humanoid robots. Operating the humanoid 

robot subsystems in harmony with efficient performance of the motion can be a big challenge where the 

weight of individual body parts, weight of the humanoid robot and individual power consumption of the parts 

play important roles. [6] 

 Efficient use of limited energy on a humanoid robot is critical because of power demand increases 

with robotics application especially in autonomous humanoid robotic areas. Depending on the desired 

performance of the tasks and environmental conditions, power demand will change. Power saving 

techniques have been a research topic for mobile robots for some time. Some studies try to minimize the 

total power usage by predicting the power usage for specific tasks and using an electrical power saving 

control for components [4], and some other studies worked with power management units for their mobile 

robots for fast charging and power management approach [7]. A conservation technique is proposed for a 

wheeled robot by introducing power usage reduction techniques with power controlling model and motion 

planning to minimize the amount of energy usage in [1]. 

 The concept of optimization of power management of the processor is studied in [8]. Power 

consumption used for robot’s computation for path planning, sensing algorithms, completing a task, and 

optimization of motor power usage couple each other. According to the study, controlling the joint motor 

speed and the operational frequency of the robot’s CPU processor all together can provide an overall 

increased performance for the robot. 

 Study [9] attempts to limit the humanoid electrical current for each motor. This constrains how tightly 

the joint can follow the generated motion. The research presented uses the reduced joint dc motor electrical 

stiffness during humanoid motions.  
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 The energy consumption of a DC motor is heavily effected by its angular velocity and acceleration. 

The problem of energy efficient navigation is presented in study [10]. An established model for the energy 

consumption of a DC motor is obtained. A wheeled robot is studied to reduce the electrical power used 

during the travel along the provided trajectory on a flat surface with an optimal velocity. Power consumption 

is modeled in order to compute the velocity and acceleration profile. 

 For humanoid robot locomotion, study [11] suggests key considerations for different energy 

consumption. Study remarks that mean mechanical power is the result of the torque of joint motor and load 

angular velocity. Even though mean power demand may be small and occur during locomotion of the 

humanoid robot, joints instantaneous power demand can reach high values. Study establishes an additional 

optimization objective relating distribution of instantaneous power around the mean power required. Mean 

torque consumption is an important energy consumption key indication that shows the torque consumption 

of all joint over a period. 

 There are different approaches to energy utilization based control. In some motion task studies, 

humanoid gaits require bended knees for better balance. This causes knee joint motors to be constantly 

engaged which increases the joint current consumption. Torque at the hip joints can be a driving force of 

body during tasks. With different motion parameters at different tilting forward angles by the humanoid 

torso, it was observed that energy consumption also increased. The method in study [12] is based on 

accurate control of actuators which give full control and applicability with expenditure of energy 

consumption. In that study, a model of the control system from a view point of less energy consumption is 

achieved by introducing and changing a control gain from the relationship between the desired energy 

consumption and current energy consumption. According to that study, most energy efficient walk is the 

passive dynamic walk, where motions depend on the relationship between gravity potential effect and the 

robots mechanical structure. On the other hand, stable humanoid motion tasks require actuator systems 

and precise control. If a robot walks without any desired performance, it should walk with minimum energy 

consumption, if the robot walks with desired performance, it should change its walking motion to wider step 

size while consuming extra energy. 

 In order to accomplish reduced energy usage with the genetic algorithm, study [13] used fitness 

functions to analyze the relationship between walking distance and energy consumption while keeping knee 
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joints straightforward on the stance leg to gauge the reduced energy usage. In most humanoid gaits, the 

robot’s upper body is often kept in the vertical position to decrease overall energy consumption because 

location of the mean weight of the humanoid is located in the torso. This technique decreases the current 

consumption in ankle and hip joints, but knee joint current consumption might increase. 

 Different approaches have been offered to address the humanoid balance and stability problem 

during dynamic tasks in literature. In [5], standing up from the sitting position on a chair by using data, the 

has been collected from prior human demonstrations, was accomplished by a humanoid robot. In that 

research, a stable humanoid motion of standing up is achieved and human-like movement and speed are 

simulated.  In study [14], an inverted pendulum model that finds the motions of how to stand up using a 

tiered reinforcement learning technique is shown, where a hierarchical architecture is applied on a three-

links two-joints robot. 

 In most humanoid gaits, the robot’s upper body is often kept in the vertical position to decrease 

energy usage since the location of the mean point of the humanoid weight is in the robot’s torso. Hip joints 

play a critical part in reducing the biped energy utilization. Study in [15] proposed a motion generation 

technique for a humanoid to produce steady movement by using consumed energy as a condition, and 

generating a series of joint motions with a feedback technique to increase the humanoid stability. 

2.2 Inverted Pendulum Researches 

A humanoid robot model can be modeled as an inverted pendulum. This model simplifies the 

humanoid model. Researchers in [16] shows that a human reacts to forces by moving its ankle joint during 

a vertical stance position. This model has been frequently used to research bipedal posture, where the 

humanoid robot has motions in the sagittal plane direction. The ankle joint manages the torque to control 

the biped vertical position for balancing. [17] [18] [19] [20] 

 Stepping forward to escape falling is studied in [21] using Lagrangian dynamics to drive feedback 

control of computed constraint forces. Linear Inverted Pendulum Model is studied for bipedal locomotion 

research in [22] where a humanoid motion as a linear dynamic system is studied. This is also known as the 

cart on a table model. 

The research in [23] uses the inverted pendulum model to describe humanoid robot balance and 

stability. The hip joint torque control approach and ankle joint torque control approach, [24], have been key 



www.manaraa.com

11 

 

explanations of balance control in humans. Study [25] claims that ankle strategy and hip strategy take place 

together. The CoM position is considered as an important indicator of humanoid balance. It was also 

mentioned in [26] that usage of CoM velocity in addition to its location can be a better indicator of stability. 

2.3 Zero Moment Point 

 Study [27] first published the idea of the ZMP applied to a biped for balance.  Other researches on 

robot balance and stability are done by similar studies in [28] [29].  

 ZMP is a common stability criteria for humanoid dynamic balance. The published works show zero 

moment point used as a guide for ensuring stable motions [30]. Zero moment point ensures stability by 

keeping the moment of the humanoid’s forces within the geometrical area of both feet.  The most commonly 

used modeling method for a biped is the Linear Inverse Pendulum Model (LIPM) which simplifies the 

dynamics of a humanoid maintaining the control over the robots center of gravity (CoG) for a stable 

locomotion [31][32]. In order to generate a control model for locomotion, LIPM and zero moment point can 

be combined. In humanoid motions, when walking with a single support period, the ZMP is positioned in 

the middle of the support area. [33][34]  

 Zero moment point focuses on implementing dynamic balancing by ensuring that the moment of 

the forces of the humanoid remain within the humanoid’s foot support area [35]. As a consequence, the 

contact forces from the humanoid are canceled by the ground’s reaction force. The ZMP principle is well 

described in [36] which is focused on demonstrating humanoid motion. The zero moment point method 

considers dynamic and static forces. Humanoids commonly have kinematic redundancy, where there exist 

different connections from the ZMP reference trajectory to the joint motions. [37][38] 

2.4 Center of Mass and Center of Pressure Researches 

Humanoid kinematic modeling is essential for reducing the complexity of controlling the dynamic 

stability of a humanoid. Center of mass, center of pressure location and movement synthesis permits the 

controller to generate a sequence of motions and the overall robot motion can be efficiently optimized by 

the control techniques. Supposing that the robot’s CoM is concentrated somewhere close in the torso, the 

humanoid model is estimated as a point mass, and a stable reference motion trajectory can be designed 

without comprehensive control participation. [39]  
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The CoP denotes the point of a matching force, which is the total of the pressure forces under the 

foot. It measures the inclination for the feet to rotate and leave the horizontal base.  Many humanoid projects 

used CoP as a reference point. Although the meaning and practicality of the center of pressure has been 

questioned in [40], CoP is the primary measure of balance and stability for some humanoid robots [41].  

 2.5 Simplified Humanoid Robot Model 

The purpose of the modeling of humanoid is to provide a proper description of the robot in 

mathematical form. Some of the real effects of the humanoid may not be taken into consideration so that a 

simple model can be built.  If the motions require very slow velocity, inertia tensor effect in the equations of 

motions will not have much effect on the overall model. One of the most common simplification is to simplify 

the rigid links as bodies with individual center of masses on humanoid robot. By doing that, some rotational 

dynamics are dismissed, and do not affect the model result.  DC motor actuation, joint frictions, impact of 

the motions, electrical losses are important effects which change with the physical humanoid robot.  

2.6 Inverted Pendulum Model 

The inverted pendulum method has a model which relies on feedback control [39] [42]. This model 

is used for bipedal control because a human walking motion can be modeled as an inverted pendulum 

model for the single support part. This simplified model is used to understand the dynamics in the system 

and determine the reference trajectories that meet with the natural dynamics [43]. 

By using the method, the humanoid kinematics and dynamics are estimated by an inverted 

pendulum. The mean mass location of the robot is considered in the robot trunk, the base of the pendulum 

matches with the support foot, Figure 2.1. Because this method is flexible and gait patterns can be 

computed online, it is used in many humanoids, such as Honda Asimo [44], HRP-2 [45], and UT-Theta [46]. 

See Figure 2.1 for reference. 

In order to drive the equations of the motions, angular momentum of the mass and its derivative 

are written as follows in equations (2.1) and (2.2). 

 𝐿0 = 𝑚𝑟2𝜃̇ (2.1) 

 

 𝐿̇0 = 𝑚𝑟2𝜃̈ 
(2.2) 
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Figure 2.1 Figure of inverted pendulum method 

Simplifying the equations by removing accelerations, equations (2.3) and (2.4) are obtained. 

 𝐿̇0 = 𝑚𝑔𝑟𝑠𝑖𝑛𝜃 

 

(2.3) 

 𝜃̈ =
𝑔

𝑟
𝑠𝑖𝑛𝜃 (2.4) 

With the aim of using this model in humanoid robots, center of pressure model is used, which is 

described as forces acting on the feet do not cause any moment or force. This inverted pendulum model 

becomes useful when the humanoid robot point mass is located over the center of pressure and humanoid 

total mass positon is in the same position as center of mass. 

2.7 Linear Inverted Pendulum Model 

In this model, humanoid robot point mass is moving in parallel to the ground. Support does not 

have any mass and does not apply any torques at the base. 

θ

mg

yh

x

y

x
 

Figure 2.2 Model of linear inverted pendulum moving parallel to the ground 

Vertical forces is shown in equation (2.5) 

 𝐹𝑦 = −𝑚𝑔 (2.5) 
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𝐹𝑥 is obtained by the geometric constraints imposed on the movement of the pendulum 

 𝐹𝑥

𝐹𝑦

=
𝑥

𝑦ℎ

 
(2.6) 

Replacing equations (2.5) and (2.6) to eliminate 𝐹𝑦 and solving for 𝐹𝑥 

 𝐹𝑥 = −
𝑚𝑔𝑥

𝑦ℎ

 
(2.7) 

The dynamics in x direction is summarized as 

 𝐹𝑥 = 𝑚𝑥̈ 
(2.8) 

Finally 𝐹𝑥 is eliminated with equations (2.7) and (2.8) 

 𝑥̈ + 𝑥
𝑥

𝑦ℎ

= 0 
(2.9) 

These calculations are simplified from the references to allow better understanding of the model. [39]  
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CHAPTER 3: PLANAR HUMANOID ROBOT 

 

Dynamic modeling used in this research is to define the establishments of control algorithms of the 

humanoid robot motions, which are constrained in the sagittal plane, and require the humanoid robot to be 

modeled as planar.  

3.1 Modeling of Humanoid During Standing Up and Sitting Down 

The positions of the planar humanoid model for standing up and sitting motions as well as inverse 

pendulum model are shown in Figure 3.1. The CoM of every link is positioned at the center. The first joint 

of the model matches to the ankle joint, the second joint matches to the knee and the third one matches to 

the hip joint. Humanoid model motion starts with the crouch position as shown in Figure 3.1a, pushes its 

torso upward with balance and stability control with the aim of minimal energy usage (Figure 3.1b), and in 

the final position, it stands straight up trying to balance similar to an inverted pendulum model. 

Ankle

Knee

Hip

Trunk

Center 

of 

Mass

Inverted 

Pendulum 

Model

CoM 

projection 

on the 

ground

Direction 

of the 

motion

(a) (b) (c)  
Figure 3.1 (a) and (b) show model for robot during standing up (c) shows model for stand position 

3.2 Humanoid Robot Model Dynamic and Kinetic Analysis 

This model consists of 4 rigid links, link 3 represents upper body, link 2 represents the thigh, link 1 

shows the shank, and link 0 shows the foot, (Figure 3.2). These links are connected by rotational joints. 

Following assumptions are made: The foot of the model stays horizontal at all times and its weight is added 
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to link 1. This model represents one side of a humanoid biped model, and both sides are symmetric (left 

and right). This model is constrained only in the sagittal plane, friction between the humanoid feet and the 

horizontal surface is satisfactory enough to stop any slippage; internal friction of these joints is not taken 

into consideration during the model analysis. 

L1
L1c

L2c

L0c

L2

θ1

θ3

θ2

q1

q2

q0

L0

L3

L3c

 
Figure 3.2 4-link planar model represented with link’s center of mass (red circles) and joints (black circles) 

3.3 Kinematic Model 

Kinematic model of the system is defined by the CoM of every link denoted by 𝑥𝑖𝑐 which is in x 

direction and 𝑦𝑖𝑐 which is in y direction as shown below in equation (3.1) 

                                                     𝑥1𝑐 = 𝐿1𝑐 cos𝜃1 
 

𝑦1𝑐 = 𝐿1𝑐 sin 𝜃1 
 

𝑥2𝑐 = 𝐿1 cos 𝜃1 − 𝐿2𝑐 cos 𝜃2 
 

𝑦2𝑐 = 𝐿1 sin 𝜃1 + 𝐿2𝑐 sin 𝜃2 
 

𝑥3𝑐 = 𝐿1 cos𝜃1 − 𝐿2 cos𝜃2 + 𝐿3𝑐 cos𝜃3 
 

𝑦3𝑐 = 𝐿1 sin 𝜃1 + 𝐿2 sin 𝜃2 + 𝐿3𝑐 sin 𝜃3 

(3.1) 

 
where 𝐿𝑖 shows the length of the every link for the model, 𝜃𝑖 shows the absolute angular rotation about 

each joint and 𝐿𝑖𝑐 shows the center of mass location for every link from respective joint points where 𝑖 =

1,2,3. 
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3.4 Center of Mass Location of the Biped Model 

Coordinate of the CoM of the humanoid robot in general terms can be shown as in the following 

equations (3.2) and (3.3). 

 
𝐶𝐶𝑜𝑀 =

∑𝑚𝑖𝑐𝑖

∑𝑚𝑖

=
∑𝑚𝑖𝑐𝑖

𝑀
 

 

(3.2) 

 𝑐𝑖 = [
𝑥𝑐𝑚

𝑦𝑐𝑚
] 

 
 (3.3) 

where 𝑚𝑖 is each link mass, 𝑐𝑖 is the absolute position of CoM link. CoM of the model can be expanded to 

be shown as the following in 𝑥 and 𝑦 direction as in following equations (3.4) and (3.5) 

 
𝑥𝑐𝑚 =

𝑚1𝑥1𝑐 + 𝑚2𝑥2𝑐 + 𝑚3𝑥3𝑐

𝑚1 + 𝑚2 + 𝑚3

 

 

(3.4) 

 
𝑦𝑐𝑚 =

𝑚1𝑦1𝑐 + 𝑚2𝑦2𝑐 + 𝑚3𝑦3𝑐

𝑚1 + 𝑚2 + 𝑚3

  (3.5) 

 
3.5 Ground Location Prediction of the Center of Mass 

Development of a successful motion without falling over requires correct position data of the 

humanoid’s CoM during implementation of motions. The humanoid’s CoM must be placed above the feet 

during the motions to accomplish the balance. If the mass values and link CoM locations are known, the 

total center of mass location of the model can be found via forward kinematics [47][48].  

Exact CoM trajectory management is an important factor for successful motions [49]. Therefore, in 

this work, the objective is not only to optimize the total energy usage, but also accurately estimate and 

control the humanoid’s CoM motion so that its center of mass will move along the estimated trajectory which 

is verified experimentally.  

A motionless upright humanoid simply experiences forces created by gravity. Gravitational forces 

are substituted by a virtual force at the CoM of the humanoid. The location vector of the humanoid’s CoM 

can be defined with equation (3.2).  

The ground location prediction of the CoM,CFCoM, is derived from CCoM, consequently it realizes the 

relation in equation (3.6). If CFCoM is in the support polygon, the motionless biped will stay as it is. See Figure 

3.3. [50] 

                                                      
∑((𝐶𝐹𝐶𝑜𝑀 − 𝑃𝑖) × 𝑚𝑖𝑔)

𝑛

𝑖=1

= 0   (3.6) 
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Figure 3.3 The ground location prediction of center of mass 

3.6 CoM Linear Velocity of Links of the Model 

CoM Linear velocity of every link is written as following from equations (3.1). For link1, location of 

CoM is defined by 

 𝑥1𝑐 = 𝐿1𝑐 cos𝜃1 𝑦1𝑐 = 𝐿1𝑐 sin 𝜃1 (3.7) 

Linear velocity of CoM of the link 1 is 

 
𝑣𝑐1 = [

−𝐿1𝑐 sin𝜃1

𝐿1𝑐 cos 𝜃1
] 𝜃̇1 (3.8) 

For link 2, location of CoM is 

 𝑥2𝑐 = 𝐿1 cos𝜃1 − 𝐿2𝑐 cos𝜃2              𝑦2𝑐 = 𝐿1 sin 𝜃1 + 𝐿2𝑐 sin 𝜃2 (3.9) 

Linear velocity of CoM of the link 2 is 

 
𝑣𝑐2 = [

−𝐿1 sin 𝜃1

𝐿1 cos𝜃1
] 𝜃̇1 + [

𝐿2𝑐 sin 𝜃2

𝐿2𝑐 cos 𝜃2
] 𝜃̇2 (3.10) 

For link 3, location of CoM is  

  𝑥3𝑐 = 𝐿1 cos𝜃1 − 𝐿2 cos 𝜃2 + 𝐿3𝑐 cos 𝜃3         𝑦3𝑐 = 𝐿1 sin𝜃1 + 𝐿2 sin 𝜃2 + 𝐿3𝑐 sin𝜃3 (3.11) 

Linear velocity of the link 3 CoM is 

 
 

𝑣𝑐3 = [
−𝐿1 sin 𝜃1

𝐿1 cos𝜃1
] 𝜃̇1 + [

𝐿2 sin 𝜃2

𝐿2 cos 𝜃2
] 𝜃̇2 + [

−𝐿3𝑐 sin 𝜃3

𝐿3𝑐 cos𝜃3
] 𝜃̇3 (3.12) 

3.7 Dynamic Model – Equations of Motions 

Simplification of the complex nature of the humanoid robot is useful to develop further control 

strategies. Even with simplifications, dynamics that are not modeled can produce different results with each 

motion. With the rigid links of the humanoid robot, classic mechanics can be applied to the robot model. 

Rigid links are supposed to be compliant during all motions.   
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Dynamic equations of the biped model will be calculated by Euler-Lagrange’s Equations which is 

shown in the following general form in equation (3.13) 

 𝑑

𝑑𝑡
(
𝜕ℒ

𝜕𝜃̇𝑖

) −
𝜕ℒ

𝜕𝜃𝑖

= 𝜏𝑖  (3.13) 

where ℒ represents the Lagrangian equation and 𝜏𝑖 represents the torque for each joint, which includes the 

control torques, forces, and friction effects. This equation can be formed in the following equation (3.14) 

 ℒ = 𝐾𝐸 − 𝑃𝐸  (3.14) 

where 𝐾𝐸 represents the kinetic energy and 𝑃𝐸  represents the potential energy of every link. Substituting 

this into the above equation (3.13), we get the following formula 

 𝑑

𝑑𝑥
(
𝜕(𝐾𝐸 − 𝑃𝐸)

𝜕𝜃̇𝑖

) −
𝜕(𝐾𝐸 − 𝑃𝐸)

𝜕𝜃𝑖

= 𝜏𝑖 (3.15) 

The final form of the Euler-Lagrange equation is as following 

 𝑑

𝑑𝑥
(
𝜕𝐾𝐸

𝜕𝜃̇𝑖

) −
𝜕𝐾𝐸

𝜕𝜃𝑖

+
𝜕𝑃𝐸

𝜕𝜃𝑖

= 𝜏𝑖 (3.16) 

Kinetic and potential energy is written in the following forms 

 
𝐾𝐸 = ∑𝐾𝐸𝑖

=

4

𝑖=1

∑(
1

2
𝑚𝑖𝑣𝑐𝑖

2 +
1

2
𝐼𝑖𝜃̇𝑖

2)

4

𝑖=1

= ∑(
1

2
𝑚𝑖𝑣𝑐𝑖

2 +
1

2
𝐼𝑖𝑤𝑐𝑖

2 )

4

𝑖=1

 (3.17) 

where 𝐼𝑖 represents the Inertia of each link 

 
𝑃𝐸 = ∑𝑃𝐸 𝑖

4

𝑖=1

= ∑𝑚𝑖𝑔𝑦𝑖𝑐

4

𝑖=1

 (3.18) 

where 𝑔 shows the gravitational acceleration. Following equations show the relationship between linear 

velocity and angular velocity with Jacobian matrix. 

 𝑣𝑐𝑖 = 𝐽𝐿
(𝑖)𝜃̇ (3.19) 

 𝑤𝑐𝑖 = 𝐽𝐴
(𝑖)

𝜃̇ (3.20) 

𝐽𝐿
(𝑖)

 and 𝐽𝐴
(𝑖)

 represents the Jacobian matrices for linear velocity and angular velocity of link i, respectively. 

Total Potential Energy of the 4 link model is found to be the following equation (3.21). 

 𝑃𝐸 = 𝑚1𝑔𝐿1𝑐 sin 𝜃1 + 𝑚2𝑔𝐿1 sin 𝜃1 + 𝑚3𝑔𝐿1 sin 𝜃1 + 𝑚2𝑔𝐿2𝑐 sin 𝜃2 + 𝑚3𝑔𝐿2 sin 𝜃2

+ 𝑚3𝑔𝐿3𝑐 sin𝜃3 
 (3.21) 

Total Kinetic Energy of the 4 link model is found to be the following equation 
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𝐾𝐸 =

1

2
𝑚1𝐿1𝑐

2𝜃̇1

2
+

1

2
𝐼1𝜃̇1

2 +
1

2
𝑚2𝐿1

2𝜃̇1

2
+

1

2
𝑚3𝐿1

2𝜃̇1

2
+

1

2
𝑚2𝐿2𝑐

2𝜃̇2

2
+

1

2
𝐼2𝜃̇2

2 +
1

2
𝑚3𝐿2

2𝜃̇2

2

+
1

2
𝑚3𝐿3𝑐

2𝜃̇3

2
+

1

2
𝐼3𝜃̇3

2 + 𝑚2𝐿1𝐿2𝑐 cos(𝜃1 + 𝜃2) 𝜃̇1𝜃̇2

+ 𝑚3𝐿1𝐿2 cos(𝜃1 + 𝜃2) 𝜃̇1𝜃̇2 + 𝑚3𝐿2𝐿3𝑐 cos(𝜃3 + 𝜃2) 𝜃̇2𝜃̇3

+ 𝑚3𝐿1𝐿3𝑐 cos(𝜃1 − 𝜃3) 𝜃̇1𝜃̇3 

(3.22) 

Torque for link 1 is 

 𝜏1 = (𝑚1𝐿1𝑐
2 + 𝐼1 + 𝑚2𝐿1

2 + 𝑚3𝐿1
2)𝜃1̈ + (𝑚2𝐿1𝐿2𝑐 cos(𝜃1 + 𝜃2) + 𝑚3𝐿1𝐿2 cos(𝜃1 + 𝜃2))𝜃2̈

+ 𝑚3𝐿1𝐿3𝑐 cos(𝜃1 − 𝜃3) 𝜃3̈

+ (−𝑚2𝐿1𝐿2𝑐 sin(𝜃1 + 𝜃2) − 𝑚3𝐿1𝐿2 sin(𝜃1 + 𝜃2) + 𝑚2𝐿1𝐿2𝑐 sin(𝜃1 + 𝜃2)

+ 𝑚3𝐿1𝐿2 sin(𝜃1 + 𝜃2))𝜃̇1𝜃̇2 + (−𝑚3𝐿1𝐿3𝑐 sin(𝜃1 − 𝜃3)

+ 𝑚3𝐿1𝐿3𝑐 sin(𝜃1 − 𝜃3))𝜃̇1𝜃̇3 − 𝑚2𝐿1𝐿2𝑐 sin(𝜃1 + 𝜃2) 𝜃̇2

2

− 𝑚3𝐿1𝐿2 sin(𝜃1 + 𝜃2) 𝜃̇2

2
+ 𝑚3𝐿1𝐿3𝑐 sin(𝜃1 − 𝜃3) 𝜃̇3

2
+ 𝑚1𝑔𝐿1𝑐 cos 𝜃1

+ 𝑚2𝑔𝐿1 cos𝜃1 + 𝑚3𝑔𝐿1 cos𝜃1 

(3.23) 

Torque for link 2 is 

 𝜏2 = (𝑚2𝐿2𝑐
2 + 𝐼2 + 𝑚3𝐿2

2)𝜃2̈ + 𝑚3𝐿2𝐿3𝑐 cos(𝜃3 + 𝜃2) 𝜃3̈

+ (𝑚2𝐿1𝐿2𝑐 cos(𝜃1 + 𝜃2) + 𝑚3𝐿1𝐿2 cos(𝜃1 + 𝜃2))𝜃1̈

+ (−𝑚2𝐿1𝐿2𝑐 sin(𝜃1 + 𝜃2) − 𝑚3𝐿1𝐿2 sin(𝜃1 + 𝜃2) + 𝑚2𝐿1𝐿2𝑐 sin(𝜃1 + 𝜃2)

+ 𝑚3𝐿1𝐿2 sin(𝜃1 + 𝜃2))𝜃̇1𝜃̇2 + (−𝑚3𝐿2𝐿3𝑐 sin(𝜃3 + 𝜃2)

+ 𝑚3𝐿2𝐿3𝑐 sin(𝜃3 + 𝜃2))𝜃̇2𝜃̇3 − 𝑚3𝐿1𝐿2 sin(𝜃1 + 𝜃2) 𝜃̇1

2

− 𝑚2𝐿1𝐿2𝑐 sin(𝜃1 + 𝜃2) 𝜃̇1

2
− 𝑚3𝐿2𝐿3𝑐 sin(𝜃3 + 𝜃2) 𝜃̇3

2
+ 𝑚2𝑔𝐿2𝑐 cos𝜃2

+ 𝑚3𝑔𝐿2 cos𝜃2 

(3.24) 

Torque for link 3 is 

 𝜏3 = 𝑚3𝐿1𝐿3𝑐 cos(𝜃1 − 𝜃3) 𝜃1̈ + 𝑚3𝐿2𝐿3𝑐 cos(𝜃3 + 𝜃2) 𝜃2̈ + (𝑚3𝐿3𝑐
2 + 𝐼3)𝜃3̈

+ (−𝑚3𝐿2𝐿3𝑐 sin(𝜃3 + 𝜃2) + 𝑚3𝐿2𝐿3𝑐 sin(𝜃3 + 𝜃2))𝜃̇2𝜃̇3

+ (𝑚3𝐿1𝐿3𝑐 sin(𝜃1 − 𝜃3) + 𝑚3𝐿1𝐿3𝑐 sin(𝜃1 − 𝜃3))𝜃̇1𝜃̇3

− 𝑚3𝐿2𝐿3𝑐 sin(𝜃3 + 𝜃2) 𝜃̇2

2
− 𝑚3𝐿1𝐿3𝑐 sin(𝜃1 − 𝜃3) 𝜃̇1

2
+ 𝑚3𝑔𝐿3𝑐 cos 𝜃3 

(3.25) 
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Equations of motions (3.13) for the model can be rearranged into the following general form shown in 

equation (3.26) 

 𝐷(𝜃)𝜃̈ + 𝐻(𝜃, 𝜃̇)𝜃̇ + 𝐺(𝜃) = 𝑇𝜃  (3.26) 

where 𝐷(𝜃) represents the inertia matrix, 𝐻(𝜃, 𝜃̇) represents the centrifugal and Coriolis forces matrix, 𝐺(𝜃) 

represents the matrix of gravitational forces, 𝑇𝜃 represents the vector torques required at the humanoid 

joints. Vectors 𝜃, 𝜃̇, 𝜃̈ represent each joint’s rotational position, velocity and acceleration respectively. Inertia 

matrix 𝐷(𝜃) is shown below, this matrix is a 3 × 3 matrix which defines the kinetic energy of the every link.  

 
𝐷(𝜃)𝜃̈ = [

𝐷11 𝐷12 𝐷13

𝐷21 𝐷22 𝐷23

𝐷31 𝐷32 𝐷33

] 𝜃̈ (3.27) 

𝐻(𝜃, 𝜃̇) matrix groups together Coriolis and centrifugal inertia terms.  

 
𝐻(𝜃, 𝜃̇)𝜃̇ = [

0 ℎ122 ℎ133

ℎ211 0 ℎ233

ℎ311 ℎ322 0
] 𝜃̇ (3.28) 

Gravitational torques matrix 𝐺(𝜃) represents the terms of gravity for every link of the model.  

 
𝐺(𝜃) = [

𝐺1

𝐺2

𝐺3

] (3.29) 

And 𝑇 is the actuating torque control required by each joint during motions. 

 

𝑇𝜃 = [

𝑇𝜃1

𝑇𝜃2

𝑇𝜃3

] (3.30) 

Equation (3.31) shows how equation (3.26) is actually related to every link by its angular rotational value. 

For example for link 1, it is shown as below 

 𝐷(𝜃1)𝜃1̈ + 𝐻(𝜃1, 𝜃1̇)𝜃1̇ + 𝐺(𝜃1) = 𝑇𝜃1
 (3.31) 

where 𝜃1 shows the link 1 absolute rotational displacement with respect to the horizontal plane. In matrix 

form, 𝜃 is shown below 

 
𝜃 = [

𝜃1

𝜃2

𝜃3

] (3.32) 

To model the control properly, relative angles (𝑞)  between every joints need to be used in the 

model formulations.  
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With this information, equation of motions is modified as in equation (3.33), see Figure 3.2 for all 

relative angles 𝑞 between each links. Equation of motions with relative angles is shown below. 

 𝐷𝑞(𝑞)𝑞̈ + ℎ𝑞(𝑞, 𝑞̇)𝑞̇ + 𝐺𝑞(𝑞) = 𝑇𝑞  (3.33) 

where 𝑞 in matrix form can be shown as following 

 𝑞 = [𝑞0 𝑞1 𝑞2]𝑇 (3.34) 

Here, 𝑞0, 𝑞1and 𝑞2 are the relative joint angles between links. The relationship between relative angles (𝑞) 

and absolute angles (𝜃) are formulated as following in equation (3.35). 

 𝑞0 = 𝜃1 

𝑞1 = 𝜋 − 𝜃1 − 𝜃2 

𝑞2 = 𝜋 − 𝜃2 − 𝜃3 

 

(3.35) 

Relationship between relative angles between joints and the joint angles with respect to the ground 

is shown below in equation (3.36). [51] 

 
𝑇𝜃𝑖

= ∑𝜏𝑗

2

𝑗=0

𝜕𝑞𝑗

𝜕𝜃𝑖

 (3.36) 

where 𝑇𝜃𝑖
 shows the torque defined by the equations of motion and 𝜏𝑗 shows the individual link driving 

torques. 𝑖 = 1,2,3  and  𝑗 = 0,1,2. For every link, equation (3.36) can be expanded by using equation (3.34) 

as following in equation (3.37). 

 
𝑇𝜃𝑖

= 𝜏𝑗
𝜕𝑞0

𝜕𝜃𝑖

+ 𝜏𝑗
𝜕𝑞1

𝜕𝜃𝑖

+ 𝜏𝑗
𝜕𝑞2

𝜕𝜃𝑖

 

𝑇𝜃1
= 𝜏0

𝜕(𝜃1)

𝜕𝜃1

+ 𝜏1

𝜕(𝜋 − 𝜃1 − 𝜃2)

𝜕𝜃1

+ 𝜏2

𝜕(𝜋 − 𝜃2 − 𝜃3)

𝜕𝜃1

 

𝑇𝜃2
= 𝜏0

𝜕(𝜃1)

𝜕𝜃2

+ 𝜏1

𝜕(𝜋 − 𝜃1 − 𝜃2)

𝜕𝜃2

+ 𝜏2

𝜕(𝜋 − 𝜃2 − 𝜃3)

𝜕𝜃2

 

𝑇𝜃3
= 𝜏0

𝜕(𝜃1)

𝜕𝜃3

+ 𝜏1

𝜕(𝜋 − 𝜃1 − 𝜃2)

𝜕𝜃3

+ 𝜏2

𝜕(𝜋 − 𝜃2 − 𝜃3)

𝜕𝜃3

 

(3.37) 

Matrix in equation (3.38) shows the relation between torques of individual links and the torque 

defined by the equations of motion 

 
𝑇𝜃 = [

1 −1 0
0 −1 −1
0 0 −1

] [

𝜏0

𝜏1

𝜏2

] (3.38) 
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In the following equation (3.39), 𝑇𝑞𝑖
 represents the generalized torques corresponding to the relative 

angles displacements where  𝑖 = 1,2,3.  

 𝑇𝑞𝑖
= 𝜏𝑖 (3.39) 

where 𝜏𝑖 is the actual driving torque at the joints. Angle movement (𝜃𝑖) of every link can be expressed in 

terms of 𝑞𝑖 values in equation (3.40) 

 𝜃1 = 𝑞0 

𝜃2 = 𝜋 − 𝑞0 − 𝑞1 

𝜃3 = 𝑞0 + 𝑞1 − 𝑞2 

(3.40) 

Equation (3.36) can be rewritten as following in equation (3.141) where 𝑖 = 0,1,2. 

 
𝑇𝑞𝑖

= ∑𝜏𝜃𝑗

2

𝑗=0

𝜕𝑞𝑗

𝜕𝑞𝑖

 (3.41) 

Generalized torques from the actual driving torque at the joints is calculated as following in equation (3.42). 

 
𝑇𝑞𝑖

= 𝜏𝜃1

𝜕𝑞1

𝜕𝑞𝑖

+ 𝜏𝜃2

𝜕𝑞1

𝜕𝑞𝑖

+ 𝜏𝜃3

𝜕𝑞1

𝜕𝑞𝑖

 

𝑇𝑞0
= 𝜏𝜃1

𝜕(𝑞0)

𝜕𝑞0

+ 𝜏𝜃2

𝜕(𝜋 − 𝑞0 − 𝑞1)

𝜕𝑞0

+ 𝜏𝜃3

𝜕(𝑞0 + 𝑞1 − 𝑞2)

𝜕𝑞0

 

𝑇𝑞1
= 𝜏𝜃1

𝜕(𝑞0)

𝜕𝑞1

+ 𝜏𝜃2

𝜕(𝜋 − 𝑞0 − 𝑞1)

𝜕𝑞1

+ 𝜏𝜃3

𝜕(𝑞0 + 𝑞1 − 𝑞2)

𝜕𝑞1

 

𝑇𝑞2
= 𝜏𝜃1

𝜕(𝑞0)

𝜕𝑞2

+ 𝜏𝜃2

𝜕(𝜋 − 𝑞0 − 𝑞1)

𝜕𝑞2

+ 𝜏𝜃3

𝜕(𝑞0 + 𝑞1 − 𝑞2)

𝜕𝑞2

 

(3.42) 

From equations in (3.42), the torque values for the equation of motions can be found in equation (3.43). 

 𝑇𝑞0
= 𝑇𝜃1

− 𝑇𝜃2
+ 𝑇𝜃3

 

𝑇𝑞1
= −𝑇𝜃2

+ 𝑇𝜃3
 

𝑇𝑞2
= −𝑇𝜃3

 

(3.43) 

From equation (3.33), equations of motion are expressed in the following forms. 

Equations of motion for link 1 is 

 𝛬11𝜃1̈ + 𝛬12𝜃2̈ + 𝛬13𝜃3̈ + ℎ𝑞0 + 𝐺𝑞0 = 𝜏0 

𝐴1𝑗 = 𝛱1𝑗 − 𝛱2𝑗 + 𝛱3𝑗 
(3.44) 
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ℎ𝑞0 = Г1 − Г2 + Г3 

𝐺𝑞0 = 𝛶1 − 𝛶2 + 𝛶3 

Equations of motion for link 2 is 

 𝛬21𝜃1̈ + 𝛬22𝜃2̈ + 𝛬23𝜃3̈ + ℎ𝑞1 + 𝐺𝑞1 = 𝜏1 

𝛬2𝑗 = −𝛱2𝑗 + 𝛱3𝑗 

ℎ𝑞1 = −Г2 + Г3 

𝐺𝑞1 = −𝛶2 + 𝛶3 

(3.45) 

Equations of motion for link 3 is 

 𝛬31𝜃1̈ + 𝛬32𝜃2̈ + 𝛬33𝜃3̈ + ℎ𝑞2 + 𝐺𝑞2 = 𝜏3 

𝛬3𝑗 = −𝛱3𝑗 

ℎ𝑞2 = −Г3 

𝐺𝑞2 = −𝛶3 

(3.46) 

Equations of motion in terms of relative angles are shown in equation (3.47) by using equation 

(3.31). 

 𝐷𝑞(𝑞)𝑞̈ + 𝐻𝑞(𝑞, 𝑞̇)𝑞̇ + 𝐺𝑞(𝑞) = 𝑇𝑞 (3.47) 

where 𝐷𝑞, 𝐻𝑞, 𝐺𝑞and  𝑇𝑞are shown below in equations (3.48-3.51). 

 𝐷𝑞(𝑖, 1) = 𝛬𝑖1 − 𝛬𝑖2 + 𝛬𝑖3 

𝐷𝑞(𝑖, 2) = −𝛬𝑖2 + 𝛬𝑖3 

𝐷𝑞(𝑖, 3) = −𝛬𝑖3 

(3.48) 

 𝐻𝑞 = [ℎ𝑞0, ℎ𝑞1, ℎ𝑞2]
𝑇
  (3.49) 

 𝐺𝑞 = [𝐺𝑞0, 𝐺𝑞1 , 𝐺𝑞2]
𝑇
 (3.50) 

 𝑇𝑞 = [𝑇𝑞0, 𝑇𝑞1, 𝑇𝑞2]
𝑇
 (3.51) 

where  𝑖 = 1,2,3. 

3.8 Jacobian Matrix 

The torque applied on the humanoid robot links by the electrical motors are shown in equation 

(3.52) 
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𝑇 = 𝐽𝑇 (

𝑑

𝑑𝑥
(

𝜕𝐿

𝜕𝜃̇𝑖

) −
𝜕𝐿

𝜕𝜃𝑖

) (3.52) 

where 𝐽 shows the Jacobian matrix in terms of joint displacements in equation (3.53).  

 

𝐽 =

[
 
 
 
 
 
 
𝜕𝑥1𝑐

𝜕𝜃1

𝜕𝑦1𝑐

𝜕𝜃1

𝜕𝑥2𝑐

𝜕𝜃2

𝜕𝑦2𝑐

𝜕𝜃2

𝜕𝑥3𝑐

𝜕𝜃3

𝜕𝑦3𝑐

𝜕𝜃3 ]
 
 
 
 
 
 

 (3.53) 

3.9 CoM Velocity of CoM of Humanoid Robot 

Velocity of the CoM of the humanoid robot model can be formulized as in equation (3.54) 

 
𝑣𝑐 =

𝑑𝐶𝑜𝑚

𝑑𝑥
=

∑𝑚𝑖𝑣𝑖

∑𝑚𝑖

=
𝑃

𝑀
 (3.54) 

where 𝑃 is linear momentum and 𝑀 is total mass of the system and 𝑣𝑖 is the absolute velocity of the CoM 

of every connected link. 

 𝑃 = ∑𝑃𝑖 = ∑𝑚𝑖𝑣𝑖 (3.55) 

3.10 CoM Average Angular Velocity of Humanoid Model 

Biped CoM average angular velocity can be found by the following equation (3.56) 

 
𝑊𝐶𝑜𝑀 =

∑𝐼𝑖𝑤𝑖

∑𝐼𝑖
 (3.56) 

where 𝐼𝑖 is inertia matrix of ith body link, and 𝑤𝑖 is angular velocity of ith link. 

3.11 Link Angular Acceleration of Humanoid Model 

Equation of motions of every joint actuator is shown by equation (3.31). Acceleration of every link 

can be formulized as in the following equation (3.57). 

 𝑞̈ = 𝐷𝑞(𝑞)−1 (𝑇𝑞 − 𝐻𝑞(𝑞, 𝑞̇)𝑞̇ − 𝐺𝑞(𝑞)) (3.57) 

The value of acceleration for every joint will be dependent on effects from other joints and applied 

torques. Equation (3.56) will represent the joint angular positions, accelerations which are affected by other 

link dynamics. 

3.12 Angular Momentum of the Humanoid 

The humanoid has zero moment if sum of the resulting external forces and moments, which is 

calculated for its general CoM is zero, and provides rotational stability.  
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The amount of deviation of humanoid’s angular momentum is a consequence of external moment 

on the humanoid robot, which is rotationally stable and does not fall over. In that case, angular momentum 

amount variation of the CoM is zero. Humanoid robot angular momentum is conserved during all motions. 

External force or moments can result from ground contacts, unpredicted instabilities and gravity. Angular 

momentum is shown by the following equation (3.58) 

 
𝐿 = ∑𝐼𝑖

𝑛

𝑖

𝑤𝑖 + 𝑚𝑖𝐶𝐶𝑜𝑀𝚡𝑣𝑐 (3.58) 

where 𝐼𝑖 is inertia tensor of 𝑖𝑡ℎ body link, 𝑤𝑖 is angular velocity of 𝑖𝑡ℎ link, 𝐶𝐶𝑜𝑀 is the position of the CoM 

and 𝑣𝑐 is the velocity of the CoM.  

Angular momentum of a humanoid robot near the end of link 𝑖 can be found by the following 

expression in equation (3.59) 

 𝐿𝑖 = 𝐿 + 𝑚[(𝑦𝑐𝑚 − 𝑦𝑖)𝑥̇𝑐𝑚 − (𝑥𝑐𝑚 − 𝑥𝑖)𝑦̇𝑐𝑚] (3.59) 

where 𝑥𝑐𝑚 and 𝑦𝑐𝑚 is the location of link CoM in x and y direction, 𝑥𝑖 and  𝑦𝑖 is the location of humanoid’s 

CoM, 𝑥̇𝑐𝑚 and 𝑦̇𝑐𝑚 show the velocities of CoM of links.  

From above expression, torque for a link 𝑖 can be estimated as following 

 
𝜏 =

𝑑𝐿

𝑑𝑡
= 𝐼

𝑑𝑊

𝑑𝑡
 (3.60) 

This shows relations between angular momentum and torque/acceleration for every joint. Angular 

Momentum around a joint can also be estimated by the following equation (3.61). 

                                                     𝜕𝐾𝐸

𝜕𝜃̇𝑖

= 𝑚𝑖𝑞̇𝑖  (3.61) 

where 
𝜕𝐾𝐸

𝜕𝜃̇𝑖
 is from the equations of motion which was calculated previously. It represents the force caused 

by the kinetic energy of the model. 

3.13 Total Rotational Inertia 

Biped’s total rotational inertia can be found by the following equation (3.62) 

 𝐼 = ∑ 𝐼𝑖 + 𝑚𝑖(𝑐𝑖 − 𝑐) (3.62) 

where 𝐼𝑖 is link rotational inertia and 𝑐𝑖 and 𝑐 are the distance of every link CoM to the humanoid CoM.  
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3.14 Center of Pressure 

The center of pressure represents a location in supporting area of the humanoid robot that the 

entire amount of the pressure forces 𝐶𝐹 producing a force, see Figure 3.4.  

During humanoid motion, the parts of the humanoid that are effected by contact forces are the 

biped’s feet. [50] 

 A pressure area shown in Figure 3.4 remains. The resultant of this pressure area with n contact 

locations in normal direction given below. 

                                                     
𝐶𝐹𝑁 = ∑𝐹𝑃𝑖

𝑛

𝑖=1

 (3.63) 

The location of the 𝐶𝑜𝑃 is calculated with the equation (3.64): 

                                                     
𝐶𝑜𝑃 =

∑ 𝐿𝐹𝑁𝑖𝐹𝑃𝑖
𝑛
𝑖=1

𝐶𝐹𝑁

 (3.64) 

where 𝐿𝐹𝑁𝑖 is the distance of every force vector to the origin. If the center of pressure is outside the support 

area, the biped tends to tip over. 

CoP

Foot Area
 

Figure 3.4 Position of center of pressure and contact forces 
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CHAPTER 4: MODEL TRACKING CONTROL 

 
4.1 Zero Moment Point 

Throughout the motions of the robot, humanoid can have either of its feet on the ground or both. 

Humanoid balance is supported by the single and double supporting legs, and thus the ZMP criteria must 

be applicable in both cases.  

The ZMP of a robot can be hard to keep and changes throughout any motion. The ZMP point of a 

humanoid robot can be defined with the use of the equations below. [50] 

                                                     
𝑥𝑧𝑚𝑝 =

𝑀𝑔𝐶𝑜𝑀𝑥 − 𝐿𝑦̇

𝑀𝑔 + 𝑃̇
 

𝑦𝑧𝑚𝑝 =
𝑀𝑔𝐶𝑜𝑀𝑦 − 𝐿𝑥̇

𝑀𝑔 + 𝑃̇
 

(4.1) 

where 𝑀 is total mass of the biped, 𝑃 linear momentum, 𝐿 angular momentum. 

                                                     
𝑃 = ∑𝑚𝑖

𝑛

𝑖=1

𝑣𝑐𝑖 (4.2) 

                                                     
𝐿 = ∑(𝑣𝑐𝑖 × 𝑚𝑖𝑣𝑐𝑖 + 𝐼𝑖𝑤𝑖)

𝑛

𝑖=1

 (4.3) 

where 𝑚𝑖 is humanoid individual link weight, 𝑣𝑐𝑖 is the link linear velocity, 𝐼𝑖 is link inertia, and 𝑤𝑖 is link 

angular velocity.  

The above equations (4.1) – (4.3) demonstrate how the location of the ZMP is reliant on the position 

of the humanoid. The ZMP calculations consider the influence of every link. The mass of the robot and its 

links are accounted for with the 𝑚𝑖 term. The position of the link CoM are represented with the variables 

𝐶𝑜𝑀.  

The resulting values for the 𝑥𝑧𝑚𝑝 and 𝑦𝑧𝑚𝑝 must stay within the positions for the robot to remain 

stable. If the position of the ZMP moves outside of the foot’s region, then control models are required to 

return position to the proper position. This method for defining the robot’s present ZMP can be very 

computationally significant.  
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4.2 Balance Control with ZMP 

Postural Control and trajectory generation of a humanoid can be modelled by proportional-

derivative control of the joint torques to increase the stability [52]. Torque from motion of equations (3.26) 

is shown in generalized formula form in equation (4.4) 

 𝐷(𝑞)𝑞̈ + 𝐻(𝑞, 𝑞̇)𝑞̇ + 𝐺(𝑞) = 𝜏 (4.4) 

where 𝐷(𝑞) is the inertia matrix, ℎ(𝑞, 𝑞̇) represents the centrifugal and Coriolis forces matrix, 𝐺(𝑞) is the 

matrix of gravitational forces, 𝜏 represents  the vector of external forces and torques required at the joints. 

Vectors 𝑞, 𝑞̇, 𝑞̈ show position, velocity and joint acceleration respectively. 

These generalized equation of motions can be shown in terms of state vector [𝑞𝑇 𝑞𝑇̇]
𝑇
. 

 𝑑

𝑑𝑥
[
𝑞
𝑞̇] = [

𝑞̇

𝐷𝑞(𝑞)−1 (𝑇𝑞 − 𝐻𝑞(𝑞, 𝑞̇)𝑞̇ − 𝐺𝑞(𝑞))
] (4.5) 

Position control of the links can be formulated by giving a desired position 𝑞𝑑 and find the torque 𝜏 

to make the positions 𝑞 close to the preferred position as much as possible. Main goal is to find the torque 

𝜏 for position control so that humanoid joints follow the trajectories with minimal error. 

 lim
𝑡→∞

𝑞(𝑡) = 𝑞𝑑 (4.6) 

where 𝑞𝑑 represents the desired joint positions. Equation (4.6) can be written as in equation (4.7) and (4.8). 

 lim
𝑡→∞

𝑞𝑒(𝑡) = 0 (4.7) 

 𝑞𝑒(𝑡) = 𝑞(𝑡) − 𝑞𝑑 (4.8) 

If position error dynamics is shown to be zero, [𝑞𝑒
𝑇 𝑞𝑇̇]

𝑇
= 0, then we can say that control is 

asymptotically stable. Calculation of 𝜏 involves a nonlinear vector function of 𝑞, 𝑞̇ and 𝑞̈. Usually robot joints 

have sensors which will allow measurements of 𝑞 and 𝑞̇.  

These values can be used by the controller function mentioned above. Even though measurement 

of the acceleration 𝑞̈ will have high sensitivity to the noise, with the proper filtering, the values can be used 

in calculations.  

The position error control is based on derivation of the positional error and determination of control 

parameters. This enables reduction of the error for joints. The positional error is calculated and reduced for 

every joints independently. 
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Position Error 

Controller
Robot Joints

qd
q

q.

𝜏 

 
Figure 4.1 Simple diagram for the position error controller closed-loop controller for robot joints 

Separate controllers can be established as there are degrees of freedom that exist in a robot. The 

positional error 𝑞𝑒 is enlarged by proportional position gain 𝐾𝑝, which is a diagonal matrix of the gains of 

joints controllers. A velocity closed loop can add damping to the controller in order to minimize the position 

errors that are related to the overshoots of the joints and not stopping at desired positions. This is shown 

by 𝐾𝑑, which is a diagonal matrix of velocity gains.  

Kp Robot Joints

qd

q

q.

𝜏 

Kd

qe

 
Figure 4.2 PD positon error control with damping 

Controller is shown in the following form in equation (4.9) for the above diagram 

 𝜏 = 𝐾𝑝𝑞𝑒 + 𝐾𝑑 𝑞̇ (4.9) 

The controller using Lyapunov second method will be used to study the stability of the system is 

shown below in equation (4.10) 

 𝜏 = 𝐷(𝑞)𝑞𝑑̈ + 𝐻(𝑞, 𝑞̇)𝑞𝑑̇ + 𝐺(𝑞) − 𝐾𝑝𝑞𝑒 − 𝐾𝑑 𝑞̇ (4.10) 

where 𝐾𝑝 = 𝐾𝑝
𝑇 > 0 and 𝐾𝑑 = 𝐾𝑑

𝑇 > 0. Position, velocity and joint acceleration error relation with actual 

and desired values shown below respectively in equation (4.11) 

 𝑞𝑒 = 𝑞 − 𝑞𝑑 

𝑞𝑒̇ = 𝑞̇ − 𝑞𝑑̇ 

𝑞𝑒̈ = 𝑞̈ − 𝑞𝑑̈ 

(4.11) 

Acceleration with error values can be shown using the motion of equations and above equations. 
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 𝑞𝑒̈ = 𝐷(𝑞)−1(𝑇 − 𝐻(𝑞, 𝑞̇)𝑞̇ − 𝐺(𝑞)) − 𝑞𝑑̈  (4.12) 

 𝐷(𝑞)𝑞𝑒̈ = 𝑇 − 𝐻(𝑞, 𝑞̇)𝑞̇ − 𝐺(𝑞) − 𝐷(𝑞)𝑞𝑑̈ 

𝑞̇ = 𝑞𝑒̇ + 𝑞𝑑̇ 

𝐷(𝑞)𝑞𝑒̈ = 𝑇 − 𝐻(𝑞, 𝑞̇)(𝑞̇ + 𝑞𝑑̇) − 𝐺(𝑞) − 𝐷(𝑞)𝑞𝑑̈ 

𝑇 = 𝐷(𝑞)𝑞𝑑̈ + 𝐻(𝑞, 𝑞̇)𝑞𝑑̇ + 𝐺(𝑞) − 𝐾𝑝𝑞𝑒 − 𝐾𝑑 𝑞̇ 

𝐷(𝑞)𝑞𝑒̈ = 𝐷(𝑞)𝑞𝑑̈ + 𝐻(𝑞, 𝑞̇)𝑞𝑑̇ + 𝐺(𝑞) − 𝐾𝑝𝑞𝑒 − 𝐾𝑑 𝑞̇ − 𝐻(𝑞, 𝑞̇)𝑞̇ − 𝐻(𝑞, 𝑞̇)𝑞𝑑̇ − 𝐺(𝑞) − 𝐷(𝑞)𝑞𝑑̈ 

𝐷(𝑞)𝑞𝑒̈ = −𝐾𝑝𝑞𝑒 − 𝐾𝑑 𝑞̇ − 𝐻(𝑞, 𝑞̇)𝑞̇ 

𝐷(𝑞)𝑞𝑒̈ + 𝐾𝑝𝑞𝑒 + 𝐾𝑑 𝑞̇ + 𝐻(𝑞, 𝑞̇)𝑞̇ = 0 

(4.13) 

Above position error dynamics formula needs to be stable around 𝑞𝑒(𝑡) = 0. To prove the stability 

of equation (4.13), a Lyapunov candidate function will be used, which is the total energy associated with 

the closed loop. [53] 

 
𝜗 =

1

2
 𝑞̇𝑒

𝑇𝐷(𝑞)𝑞𝑒̇ +
1

2
𝑞𝑒

𝑇𝐾𝑝𝑞𝑒 (4.14) 

To demonstrate the stability, equation (4.14) candidate function time derivative needs to be less 

than or equal to zero.  

 
𝜗̇ =

1

2
𝑞̈𝑒

𝑇𝐷(𝑞)𝑞𝑒̇ +
1

2
 𝑞̇𝑒

𝑇𝐷(𝑞)̇ 𝑞𝑒̇ +
1

2
 𝑞̇𝑒

𝑇𝐷(𝑞)𝑞𝑒̈ +
1

2
𝑞𝑒̇

𝑇𝐾𝑝𝑞𝑒 +
1

2
𝑞𝑒

𝑇𝐾𝑝𝑞𝑒̇ (4.15) 

 
𝜗̇ = 𝑞̈𝑒

𝑇𝐷(𝑞)𝑞̇𝑒
𝑇 + 

1

2
 𝑞̇𝑒

𝑇𝐷(𝑞)̇ 𝑞𝑒̇ + 𝑞̇𝑒
𝑇𝐾𝑝𝑞𝑒 = 𝑞̇𝑒

𝑇 (𝑞̈𝑒
𝑇𝐷(𝑞) +

1

2
 𝐷(𝑞)̇ 𝑞𝑒̇ + 𝐾𝑝𝑞𝑒) (4.16) 

After working on the equation (4.15) and (4.16), following result is obtained in equation (4.17).  

 𝜗̇ = −𝑞𝑒̇
𝑇(𝐾𝑑𝑞̇) (4.17) 

CoP
Foot Area

ZMP

 
Figure 4.3 Dynamically stable correlation between ZMP and center of pressure 

In order to reach dynamic stability, the ZMP needs to exist in the support area during the humanoid 

motions.  
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During double support period, the CoP point, which represents the resulting force, locates 

individually under every feet. ZMP overlaps with CoP if the humanoid robot has the dynamic stability. 

If the humanoid robot has dynamic stability, the location of the ZMP can be located with the center 

of pressure using force sensors under the feet [50]. To have the model stabilize ZMP needs to stay in the 

support polygon region that is found by three pressure points at a minimum. 

4.3 Balancing Techniques 

One of the balance techniques is the ankle joint control approach, which is regulated by executing 

control of the torque of the ankle. The inverse pendulum model is used to better model the motions of the 

humanoid, which are used to design the ankle joint control approach. The results determine that the ankle 

joint control approach can function accurately for small forces and that additional controllers can be used 

to advance humanoid balance capability to optimize the energy usage and provide balance during motions. 

The other control approach implements hip joint control by handling the hip joint torque. The 

required torque of hip joint is applied nearer to the CoM of the humanoid. The hip joint control approach 

can cause larger torques so it is used for recovering from unbalanced postures compared to the ankle 

approach for better energy usage. The model was derived from the kinematics model with a linear inverse 

pendulum joined with a damping spring factor [54]. The ankle recovery is practical for small forces but it 

can easily fail after a certain threshold. The hip recovery is practical for bigger forces than the ankle recovery 

and has a fast recovery time for unbalanced humanoids.  
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CHAPTER 5: MECHANICAL, ELECTRICAL POWER PERFORMANCE AND EVALUATION 

 

To demonstrate the results of the kinematics, dynamics and task motion trajectories in the 

humanoid mechanical power consumption, average mechanical power is calculated for every joint. 

                                                     𝑃𝑎𝑣𝑚 = |𝜏𝑖𝑗 𝑞̇𝑖𝑗|   (5.1) 

For joint 𝑗 of the leg 𝑖, the mechanical power is calculated as the result of the joint torque and the 

load angular velocity. The overall average power is calculated by taking average value of the equation (5.1) 

delivered over a period 𝑇 for all joints.  

                                                     

𝑃𝑎𝑣𝑚(𝑡) =
1

𝑇
∑∫|𝜏𝑖𝑗(𝑡)𝜃̇𝑖𝑗(𝑡)|

𝑇

0

𝑑𝑡

 

𝑖,𝑗

  (5.2) 

where 𝜏𝑖 represents the required joint torque and 𝜃̇𝑖 represents the load angular velocity. A sudden very 

high power demand may occur with humanoid joints during motions.  Even though the average value of 

power usage can be small, whereas the peak can actually be very high. The standard deviation of 

mechanical power quantity can be used to assess the distribution around the mechanical absolute power.  

                                                     

𝑃𝑠𝑑(𝑡) = √
1

𝑇
∫[𝑃𝑖(𝑡) − 𝑃𝑎𝑣𝑚(𝑡)]2𝑑𝑡

𝑇

0

  (5.3) 

where 𝑃𝑖 is shown as in equation (5.4). 

                                                     𝑃𝑖 = ∑𝜏𝑖𝑗 𝑞̇𝑖𝑗

𝑖

  (5.4) 

𝑃𝑖 represents the instantaneous mechanical power [11]. For a humanoid robot, the energy lost due to mean 

torque consumption for a joint is 

                                                     

𝐸𝐿𝑜𝑠𝑡 =
1

𝑇
∫𝜏𝑇𝜏𝑑𝑡

𝑇

0

   (5.5) 

For all joints of humanoid, energy loss due to the torque required is 
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𝐸𝑙𝑜𝑠𝑡(𝑡) =
1

𝑇
∑∫[𝜏𝑖(𝑡)]

2

𝑇

0

𝑑𝑡

 

𝑖

  (5.6) 

The function for mechanical power consumption is calculated from previous equations in equation (5.7) 

                                                     𝐸𝑡(𝑡) = 𝑃𝑎𝑣𝑚
𝑡 (𝑡) + 𝑃𝑠𝑑

𝑡 (𝑡) + 𝐸𝑙𝑜𝑠𝑡
𝑡 (𝑡)  (5.7) 

where 𝑃𝑎𝑣𝑚
𝑡 (𝑡), 𝑃𝑠𝑑

𝑡 (𝑡), and 𝐸𝑙𝑜𝑠𝑡
𝑡 (𝑡) represent the average absolute joint mechanical power, average joint 

mechanical power deviation, and mean joint torque usage, respectively. 

The electrical input power consumed by the geared dc motors installed at every leg joint can be 

evaluated. Ignoring the effect of rotor inertia, break-away torque, and motor armature inductance [55], the 

total energy deduced by the applied voltages 𝑉𝑎 and currents 𝑖(𝑡) is given by 

                                                     
𝐸 = ∫𝑉𝑎

𝑇𝐼𝑎𝑑𝑡

 

𝑇

= ∑∫(𝜏𝑚𝑤𝑚 + 𝑖2𝑅𝑚 + 𝜏𝑙𝑜𝑎𝑑𝑤𝑙𝑜𝑎𝑑 + 𝜏𝑙𝑜𝑠𝑠𝑤𝑚)𝑑𝑡

 

𝑇 

  (5.8) 

                                                     
𝑉𝑎 = 𝐼𝑎𝑅𝑚 + 𝑉𝐸𝑀𝐹 + 𝐿

𝑑𝑙𝑎
𝑑𝑡

  (5.9) 

                                                     𝜏𝑚 = 𝐼𝑎 . 𝑘𝑡 = 𝜏𝑠ℎ𝑎𝑓𝑡 + 𝜏𝑔𝑚  (5.10) 

                                                     𝐼𝑎 =
𝜏𝑠ℎ𝑎𝑓𝑡

𝑘𝑡

+
𝜏𝑔𝑚

𝑘𝑡

  (5.11) 

                                                     𝑉𝑎 = 𝐼𝑎𝑅𝑚 + 𝑉𝐸𝑀𝐹  (5.12) 

𝑉𝑎 is input voltage to the motor, 𝐼𝑎 is motor armature current, 𝑅𝑚 is motor armature resistance, 𝑉𝐸𝑀𝐹 is 

electromagnetic force voltage across the motor, 𝐿 is motor inductance, 𝜏𝑚 is motor torque, 𝑘𝑡 is torque 

constant, 𝜏𝑠ℎ𝑎𝑓𝑡 is motor shaft torque,  𝜏𝑔𝑚 is gearbox torque. Power consumed by motor is written as in 

equation (5.13) 

                                                     𝑃𝐼𝑁 = 𝑉𝑖𝑛𝑖 = 𝑖(𝐼𝑎𝑅𝑚 + 𝑉𝐸𝑀𝐹) = 𝐼𝑎
2𝑅𝑚 + 𝐼𝑎𝑉𝐸𝑀𝐹  (5.13) 

                                                     𝑃𝐼𝑁 = 𝐼𝑎
2𝑅𝑚 + (

𝜏𝑠ℎ𝑎𝑓𝑡

𝑘𝑡

+
𝜏𝑔𝑚

𝑘𝑡

) 𝑉𝐸𝑀𝐹

=
𝜏𝑠ℎ𝑎𝑓𝑡

2

𝑘𝑡
2 𝑅𝑚 +

𝜏𝑔𝑚
2

𝑘𝑡
2 𝑅𝑚 + 2

𝜏𝑠ℎ𝑎𝑓𝑡𝜏𝑔𝑚

𝑘𝑡
2 𝑅𝑚 +

𝜏𝑠ℎ𝑎𝑓𝑡

𝑘𝑡

𝑉𝐸𝑀𝐹 +
𝜏𝑔𝑚

𝑘𝑡

𝑉𝐸𝑀𝐹 

 (5.14) 

                                                     
𝑃𝐼𝑁𝑖 =

𝜏𝑠ℎ𝑎𝑓𝑡𝑖
2

𝑘𝑡𝑖
2 𝑅𝑚𝑖 +

𝜏𝑔𝑚𝑖
2

𝑘𝑡𝑖
2 𝑅𝑚𝑖 + 2

𝜏𝑠ℎ𝑎𝑓𝑡𝑖𝜏𝑔𝑚𝑖

𝑘𝑡𝑖
2 𝑅𝑚𝑖 +

𝜏𝑠ℎ𝑎𝑓𝑡𝑖

𝑘𝑡𝑖

𝑉𝐸𝑀𝐹𝑖 +
𝜏𝑔𝑚𝑖

𝑘𝑡𝑖

𝑉𝐸𝑀𝐹𝑖  (5.15) 

Since objective is to minimize the overall energy utilization, above equations is written in equation (5.16) – 

(5.18). 
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min

𝜏
∑[𝑐𝑇𝜏 +

1

2
𝜏𝑇𝜏]  (5.16) 

                                                     

𝑐 =

[
 
 
 
 
𝜏𝑠ℎ𝑎𝑓𝑡1

2

𝑘𝑡1
2 𝑅𝑚1 +

𝜏𝑔𝑚1
2

𝑘𝑡1
2 𝑅𝑚1 + 2

𝜏𝑠ℎ𝑎𝑓𝑡1𝜏𝑔𝑚1

𝑘𝑡1
2 𝑅𝑚1 +

𝜏𝑠ℎ𝑎𝑓𝑡1

𝑘𝑡1

𝑉𝐸𝑀𝐹1 +
𝜏𝑔𝑚1

𝑘𝑡1

𝑉𝐸𝑀𝐹1

… .
𝜏𝑠ℎ𝑎𝑓𝑡𝑛

2

𝑘𝑡𝑛
2 𝑅𝑚𝑛 +

𝜏𝑔𝑚𝑛
2

𝑘𝑡𝑛
2 𝑅𝑚𝑛 + 2

𝜏𝑠ℎ𝑎𝑓𝑡𝑛𝜏𝑔𝑚𝑛

𝑘𝑡𝑛
2 𝑅𝑚𝑛 +

𝜏𝑠ℎ𝑎𝑓𝑡𝑛

𝑘𝑡𝑛

𝑉𝐸𝑀𝐹𝑛 +
𝜏𝑔𝑚𝑛

𝑘𝑡𝑛

𝑉𝐸𝑀𝐹𝑛]
 
 
 
 

  (5.17) 

                                                     
𝜏 = [

𝜏1

…
𝜏𝑛

]  (5.18) 

Here, 𝑤𝑚 and 𝜏𝑚 are the joint velocity and joint torque vector of the link; 𝑅𝑚is the armature resistance of 

the motor of the 𝑖 joint. Total input energy consumption of the all joints can be shown by equation (5.19)  

 𝐸𝑇𝑜𝑡𝑎𝑙 = ∑𝐸𝑖 
 (5.19) 

5.1 Energy Efficiency of the Center of Mass 

A cost of transport can be defined for a biped system to analyze the energy efficiency when different 

motion parameters are used in equation (5.20) 

 
𝐶𝐸 =

𝐸

𝑀𝑔ℎ
 

 (5.20) 

where 𝐸 is the total energy used, 𝑀 represents the humanoid overall weight, 𝑔 represents the gravitational 

constant, ℎ represents the distance for biped that changed the location of CoM in vertical direction. Cost 

will be dependent on the total energy usage where specific motion parameters are employed for every joint.  

5.2 Power Flow Inside a DC Motor 

DC motor power demand is shown by input power, 𝑃𝐼𝑁, Figure 5.1. This power is directly related 

with the current consumption of the motor. 𝑃𝐼𝑁 is the electrical power provided to the joint motor. This 

electrical power is converted to mechanical power and during this conversion there happens some electrical 

losses, mainly due to armature current. 

 𝑃𝑒𝑙𝑒𝑐 𝑙𝑜𝑠𝑠 shows the electrical losses due to armature resistance. 𝑃𝑚𝑎𝑔  is power developed by the 

motor which produces power out (𝑃𝑚𝑒𝑐ℎ) and rotational losses (𝑃𝑙𝑜𝑠𝑠). 𝑃𝑙𝑜𝑠𝑠  shows the losses due to friction 

of mechanical parts, magnetic inefficiencies of the material, losses coupling brushes and commutator. 

 𝑃𝑚𝑒𝑐ℎ shows the mechanical power produced by the joint motor to handle the load attached to end of the 

motor. 
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Figure 5.1 Power flow and losses in a DC motor. 𝑃𝐼𝑁 provides the electrical power and 𝑃𝑚𝑒𝑐ℎ represents 
the mechanical power produced by a joint 
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CHAPTER 6: JOINT MOTOR DYNAMICS AND CONTROL 

 

 The differential equations of the dynamics of n degree of freedom humanoid biped robot are 

obtained as following in equation (6.1) 

                                                     𝐷(𝑞)𝑞̈ + 𝐻(𝑞, 𝑞̇)𝑞̇ + 𝐺(𝑞) = 𝜏   (6.1) 

where 𝜏 is defined as the generalized force or torque acting at the joint which is produced by an actuator. 

Study of humanoid dynamics provides torque requirement imposed by humanoid joints which actuator have 

to supply.  

 It is essential to show the actuator dynamics along with humanoid kinematics and dynamics. Motor 

dynamics will be studied in two stages. In the first stage, only mechanical part will be described and in the 

second stage electrical part will be shown. Mechanical and electrical sections will be joined later. End result 

will be then coupled with humanoid dynamics.   

6.1 Mechanical Analysis 

 
Figure 6.1 DC motor armature diagram without any load 

Torque supplied by DC motor will be used to overcome against the load torque from humanoid joint 

and damping torque. 

                                                     𝐼𝑚𝜃̈𝑚 + 𝐵𝑚𝜃̇𝑚 +
𝜏𝑘

𝑁
= 𝜏𝑚   (6.2) 

                                                     𝜏𝑚 = 𝑘𝑚𝑙𝑎   (6.3) 

                                                     
𝐼𝑚𝜃̈𝑚 + 𝐵𝑚𝜃̇𝑚 +

𝑘𝑡

𝑁
= 𝜏𝑚 = 𝑘𝑚𝑙𝑎   (6.3a) 
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where 𝜏𝑚 represents the torque supplied by the motor, 
𝜏𝑘

𝑁
 represents the load coming on joint motor due to 

humanoid joint, 𝐼𝑚 represents the inertia of the motor, 𝜃̈𝑚is motor acceleration, 𝐵𝑚 motor damping 

constant, 𝜃̇𝑚 is motor velocity, 𝑙𝑎 is armature current, 𝑘𝑚 is motor constant, 𝑘𝑡 is torque constant, 𝑁 is gear 

ratio. 

6.2 Electrical Analysis 

Whenever a conductor moves in a magnetic field, a voltage is generated across its terminals. This 

voltage is known as back electromagnetic force (emf) which is proportional to velocity of the conductor in 

the field (𝜔) and the magnetic flux ∅, 𝑉𝐸𝑀𝐹 ∝ ∅𝜔 

DC

 
Figure 6.2 DC motor electrical circuit diagram 

                                                     𝑉𝐸𝑀𝐹 = 𝑘𝐸∅𝜔   (6.4) 

where 𝑉𝐸𝑀𝐹 is emf voltage, ∅ is flux, 𝜔 is the angular velocity of the motor armature, with permanent magnet 

stator flux ∅ is constant,  

                                                     𝑉𝐸𝑀𝐹 = 𝑘𝐸𝜃̇𝑚   (6.5) 

where 𝑘𝐸 is back emf constant. This voltage will tend to oppose the current flow in the conductor which 

needs to be taken into account. 

                                                     
𝑉𝑎 = 𝐼𝑎𝑅𝑚 + 𝑉𝐸𝑀𝐹 + 𝐿

𝑑𝑙𝑎
𝑑𝑡

  (6.6) 

where 𝑉𝐸𝑀𝐹 is the back emf, and 𝐿
𝑑𝑙𝑎

𝑑𝑡
 is usually small and it is neglected. Elimination of current 𝐼𝑎 from 

above mechanical and electrical equations (6.2-6.4) 

                                                     
𝐼𝑚𝜃̈𝑚 + 𝐵𝑚𝜃̇𝑚 + 𝑘𝑡𝑔𝑘 = 𝑘𝑚

𝑉 − 𝑘𝐸𝜃̇𝑚

𝑅𝑚

   (6.7) 

                                                     
𝑔𝑘 =

1

𝑁𝑘

   (6.8) 

 Rearranging and introducing subscripts corresponding to 𝑘𝑡ℎ joint, equation (6.9) is obtained. 
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𝐼𝑚𝜃̈𝑚𝑘 + (𝐵𝑚 +

𝑘𝐸𝑘𝑚

𝑅𝑚

) 𝜃̇𝑚𝑘 =
𝑘𝑚

𝑅𝑚

𝑉𝑘 − 𝑘𝑡𝑔𝑘  (6.9) 

Humanoid dynamics and actuator dynamics are combined in order to get a relationship between them. 

Humanoid dynamical equation is 

                                                     𝐷(𝑞)𝑞̈ + 𝐻(𝑞, 𝑞̇)𝑞̇ + 𝐺(𝑞) = 𝜏  (6.10) 

which is a vector matrix equation. 

                                                     
∑𝐷𝑘𝑗(𝑞)𝑞̈𝑗

 

𝑗

+ ∑ 𝐻𝑘𝑗(𝑞)𝑞̇𝑖𝑞̇𝑗

 

𝑖,𝑗

+
𝜕𝑃𝐸

𝜕𝑞𝑘

= 𝜏𝑘  (6.11) 

where 

                                                     
𝐺(𝑞) =

𝜕𝑃𝐸

𝜕𝑞𝑘

  (6.12) 

which corresponds to one joint of the humanoid robot, where 𝑘 = 1,2,…𝑛. The following equation (6.13) 

shows the actuator dynamics equation. 

                                                     
𝐼𝑚𝜃̈𝑚𝑘 + (𝐵𝑚 +

𝑘𝐸𝑘𝑚

𝑅𝑚

) 𝜃̇𝑚𝑘 =
𝑘𝑚

𝑅𝑎

𝑉𝑘 − 𝑘𝑡𝑔𝑘  (6.13) 

By substituting equation (6.11) 𝜏𝑘 into equation (6.13), equation (6.14) is obtained. 

                                                     

𝐼𝑚𝜃̈𝑚𝑘 + (𝐵𝑚 +
𝑘𝐸𝑘𝑚

𝑅𝑚

) 𝜃̇𝑚𝑘 =
𝑘𝑚

𝑅𝑎

𝑉𝑘 − {∑𝐷𝑘𝑗(𝑞)𝑞̈𝑗

 

𝑗

+ ∑𝐻𝑘𝑗(𝑞)𝑞̇𝑖𝑞̇𝑗

 

𝑖,𝑗

+
𝜕𝑃𝐸

𝜕𝑞𝑘

}𝑔𝑘  (6.14) 

Here generalized coordinate of joints are expressed as in equation (6.15)  

                                                     
𝑞𝑘 = 𝑔𝑘𝜃𝑚𝑘 =

𝜃𝑚𝑘

𝑁𝑘

  (6.15) 

where 𝑘 = 1,2,…𝑛 and 

                                                     
𝑞̈𝑘 = 𝑔𝑘𝜃̈𝑚𝑘 =

𝜃̈𝑚𝑘

𝑁𝑘

  (6.16) 

After rearranging equation (6.14) by equations (6.15) and (6.16), equation (6.17) is obtained. 

                                                     

[𝐼𝑚 + 𝑟𝑘
2𝑑𝑘𝑘(𝑞)]𝜃̈𝑚𝑘 + [𝐵𝑚 +

𝑘𝐸𝑘𝑚

𝑅𝑚

] 𝜃̇𝑚𝑘 =
𝑘𝑚

𝑅𝑚

𝑉𝑘 − [∑𝐷𝑘𝑗(𝑞)𝑞̈𝑗

 

𝑗,𝑘

+ ∑ 𝐻𝑖𝑘𝑗(𝑞)𝑞̇𝑖𝑞̇𝑗

 

𝑖,𝑗

+ 𝐺𝑘] 𝑔𝑘  (6.17) 

The effective inertia for the motor is shown in equation (6.18). 

                                                     𝐼𝑒𝑓𝑓 = 𝐼𝑚 + 𝑔𝑘
2𝑑𝑘𝑘(𝑞)  (6.18) 

The effective damping in the motor is shown in equation (6.19). 
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𝐵𝑒𝑓𝑓 = 𝐵𝑚 +

𝑘𝐸𝑘𝑚

𝑅𝑚

  (6.19) 

Every joint of the humanoid is controlled independently, the coupling effects due to motion of other 

links needs to be separated and treated as a disturbance. That’s why the terms representing coupled 

inertias, Coriolis forces and Centripetal terms are separated and grouped under name 𝐷𝑘. 

                                                     
𝐷𝑘 = ∑𝐷𝑘𝑗(𝑞)𝑞̈𝑗

 

𝑗,𝑘

+ ∑𝐻𝑖𝑘𝑗(𝑞)𝑞̇𝑖𝑞̇𝑗

 

𝑖,𝑗

+ 𝐺𝑘  (6.20) 

This term is a disturbance to the controller. 

                                                     𝐼𝑒𝑓𝑓𝜃̈𝑚𝑘 + 𝐵𝑒𝑓𝑓𝜃̇𝑚𝑘 = 𝐾𝑉𝑘 − 𝐷𝑘𝑔𝑘  (6.21) 

                                                     
𝐾 =

𝑘𝑚

𝑅𝑚

  (6.22) 

This is a linear differential equation (6.21) of system along with nonlinear disturbance 𝐷𝑘𝑔𝑘. 

Humanoid and actuator dynamics equation reduced to linear form with nonlinear terms grouped as a 

disturbance. 𝐼𝑒𝑓𝑓 is assumed to be constant but it is function of generalized coordinates.  

6.3 Joint DC Motor Model 

Torque produced by motor can be formulized by the following equation (6.23). With this formula, 

applied voltage caused an increase in motor torque. If the angular velocity increases, the motor torque 

decreases. 

                                                     
𝜏𝑚 =

𝑘𝑡

𝑅𝑚

𝑉𝑎 −
𝑘𝑡

2

𝑅𝑚

𝑤𝑚  (6.23) 

Electrical input power provided to the motor is shown below in equation (6.24). 

                                                     𝑃𝑖𝑛 = 𝑉𝑎 . 𝑙𝑎  (6.24) 

Power developed magnetically by motor armature is 

                                                     𝑃𝑚𝑎𝑔 = 𝑉𝐸𝑀𝐹 . 𝑙𝑎  (6.25) 

Power dissipated in the DC motor armature is 

                                                     𝑃𝑒𝑙𝑒𝑐𝑙𝑜𝑠𝑠 = 𝑅𝑚𝑙𝑎
2
  (6.26) 

Putting two equations (6.27) and (6.26) together, dissipated power can written as in equation (6.28) 

                                                     𝜏𝑚 = 𝑖. 𝑘𝑡  (6.27) 
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𝑃𝑒𝑙𝑒𝑐𝑙𝑜𝑠𝑠 =

𝑅𝑚

𝑘𝑡
2 𝜏𝑚

2  (6.28) 

 
                                                     

𝑘𝑚 =
𝑘𝑡

√𝑅𝑚

  (6.29) 

 
where 𝑘𝑚 represents motor constant, which symbolizes that effectiveness of electric power conversion to 

torque produce by motor. For steady state condition 𝑉𝐿 voltage can be ignored, and 𝑉𝑎 is written as the 

following equation (6.30). 

                                                     𝑉𝑎 = 𝑉𝑅 + 𝑉𝐸𝑀𝐹 = 𝑅𝑚

𝜏𝑚

𝑘𝑡

+ 𝑘𝑒𝑤𝑚  (6.30) 

Mechanical power provided by the joint motor is result of its required torque and load angular speed. 

Mechanical power from the motor is 

                                                     
𝑃𝑚𝑒𝑐ℎ = 𝜏𝑚𝑤𝑚 = (

𝑘𝑡

𝑅𝑚

𝑉𝑎 − 𝑘𝑚
2𝑤𝑚)𝑤𝑚  (6.31) 

Total power is the sum of the power to overcome friction and the power to accelerate the load. If it 

is an idealized DC motor without power loss during electrical power into mechanical power conversion, 

electrical power should be equal to mechanical power. 

                                                     𝑃𝑖𝑛 = 𝑉𝐸𝑀𝐹𝑙𝑎 = 𝜏𝑚𝑤𝑚 = 𝑘𝑡𝑙𝑎𝑤𝑚  (6.32) 

Following torque equation can be created by taking into consideration the mechanical properties of 

the motor in equation (6.33) 

                                                     𝑇𝑚 = 𝑇𝑤̇ + 𝑇𝑤 + 𝑇𝐿  (6.33) 

where 𝑇𝑚 represents electromagnetic torque, 𝑇𝑤̇ represents motor inertial torque, 𝑇𝑤 represents motor 

damping torque, and 𝑇𝐿  represents load torque. Motor electromagnetic torque is proportional to the motor 

torque as shown in equation (6.27). The motor’s angular acceleration creates an inertial torque. 

                                                     
𝑇𝑤̇ = 𝐼

𝜕𝑤𝑚(𝑡)

𝜕𝑡
  (6.34) 

where 𝐼 represents the moment of inertia of motor rotor and joined load link. 𝑇𝑤 is proportional to the motor 

rotor velocity. 

                                                     𝑇𝑤 = 𝑓𝑤𝑚(𝑡)  (6.35) 

where 𝑓 shows viscous friction or viscous damping in the motor. Substituting (6.33) and (6.34) into (6.33) 

the second differential equation of the model is obtained in equation (6.36). 
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𝑘𝑡𝑙𝑎(𝑡) = 𝐼

𝜕𝑤𝑚(𝑡)

𝜕𝑡
+ 𝑓𝑤𝑚(𝑡) + 𝑇𝐿 

 (6.36) 

Therefore, the Laplace transform can be implemented on equations (6.30) and (6.36) 

                                                     𝑉𝑖𝑛 = 𝑘𝑡𝑤𝑚(𝑠) + 𝑙𝑎(𝑠)(𝑅𝑚 + 𝑠𝐿)  (6.37) 

                                                     𝑘𝑡𝑖(𝑡) = (𝑓 + 𝑠𝐽)𝑤𝑚(𝑠) + 𝑇𝐿  (6.38) 

From (6.37) and (6.38), a joint model is obtained 

                                                     
𝑤𝑚(𝑠) =

𝑘𝑡
2

(𝑅𝑚 + 𝑠𝐿)(𝑓 + 𝑠𝐼) + 𝑘𝑡
2 𝑉𝑖𝑛(𝑠) −

𝑅𝑚 + 𝑠𝐿

(𝑅𝑚 + 𝑠𝐿)(𝑓 + 𝑠𝐼) + 𝑘𝑡
2 𝑇𝐿(𝑠)  (6.39) 

Figure 6.3 shows a diagram of the obtained dynamical model in equation (6.39) 

XX

 
Figure 6.3 Joint DCM motor model 

Transfer function can be shown in the following equation (6.40), since current is used to control the system. 

                                                     
𝑤𝑚(𝑠) =

𝑘𝑡

(𝑓 + 𝑠𝐼)
𝑙𝑎(𝑠) −

1

(𝑓 + 𝑠𝐼)
𝑇𝐿(𝑠)  (6.40) 

Transfer function first component is affected by the rotor current, second component is affected by torque 

of the motor load. Humanoid robot motions and mass of the load link affect the load torque and the moment 

of the inertia. Dynamics of the above function is affected by the inertial value. Load torque can be seen as 

a disturbing influence for motor velocity and motor current.  

6.4 Trajectory Tracking 

Linear differential equation of system along with nonlinear form with disturbance is shown below. 

                                                     𝐼𝑒𝑓𝑓𝜃̈𝑚𝑘 + 𝐵𝑒𝑓𝑓𝜃̇𝑚𝑘 = 𝐾𝑉𝑘 − 𝐷𝑘𝑔𝑘  (6.41) 

In this method along with feed forwarding the information calculation of 𝑑𝑘 term in above equation is done 

which contains terms representing Coriolis, Centripetal, and gravity. 
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𝐷𝑘 = ∑𝐷𝑘𝑗(𝑞)𝑞̈𝑗

 

𝑗,𝑘

+ ∑𝐻𝑖𝑘𝑗(𝑞)𝑞̇𝑖𝑞̇𝑗

 

𝑖,𝑗

+ 𝐺𝑘  (6.42) 

The following Figure 6.4 shows the trajectory tracking control mechanism. Output is the joint angular 

position and the joint angular velocity.  

 

+

-

+

-

 
Figure 6.4 Trajectory tracking control mechanism 

Controller equation is shown below in equation (6.43). 

                                                     𝐾𝑉𝑘 = 𝐼𝑒𝑓𝑓𝜃̈
𝑑 + 𝐵𝑒𝑓𝑓𝜃̇

𝑑 + 𝐾𝑝(𝜃𝑑 − 𝜃𝑚) + 𝐾𝐷(𝜃̇𝑑 − 𝜃̇𝑚) + 𝐷𝑘
𝑑𝑔𝑘  (6.43) 

Substituting this controller, equation (6.44) is obtained. 

                                                     𝐼𝑒𝑓𝑓𝑒̈ + (𝐵𝑒𝑓𝑓 + 𝐾𝐷)𝑒̇ + 𝐾𝑝𝑒 = −(𝐷𝑘 − 𝐷𝑘
𝑑)𝑔𝑘  (6.44) 

where  

                                                     𝑒(𝑡) = 𝜃𝑚 − 𝜃𝑑  (6.45) 

where 𝜃𝑑  represents the desired angular rotation of the joint, and 𝜃𝑚 represents the joint actual angular 

rotation. The tracking error can be reduced but calculation of nonlinear terms representing Coriolis, 

centripetal, gravitational which will rise complexity of the controller.  
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CHAPTER 7: EXPERIMENTS ON REAL ROBOT – STANDING UP AND SITTING DOWN 
 

The goal of the experiments is to analyze the controllers formulated previously and find the 

minimum energy consumption during the standing and sitting down motions, which are realized by different 

motion variable and within motion constraints. In order to compare energy usage for motions with different 

angular velocities, fully actuated humanoid robot accomplished the given joint trajectories with different task 

times. During every individual motion experiment, all data related to the robots motion, such as joint rotation, 

velocity, foot contact forces, battery voltage and current, is recorded.  

7.1 Robot Used in Experiments 

L Ankle 
Roll

L Ankle 
Pitch

L Knee 
Pitch

L Hip 
Roll

L Hip 
Pitch

L Hip 
Yaw 
Pitch

R Ankle 
Roll

R Ankle 
Pitch

R Knee 
Pitch

R Hip 
Roll

RHip 
Pitch

R Hip 
Yaw 
Pitch

 
Figure 7.1 (Left) Electric diagram of lower body NAO joints, (Right) diagram showing joints relative 
location. 

 
Nao V4.0 humanoid is used for all experiments. Figure 7.1 shows the humanoid robot structure, 

relative location of the joints and electric diagram of a leg. Three main joints studied in the experiments are 

ankle pitch, knee pitch and hip pitch joints. This robot is modeled as a 4-link planar robot, and it is assumed 

that both sides of the robot (left and right) are identical.  

7.2 Standing Up and Sitting Down Motion 

The humanoid is in crouch position initially. Its next motion is to stand up while maintaining its 

balance. During this experiment, humanoid will obey the constraints (CoM, CoP) previously discussed, it 

tries to keep its torso vertical to the ground, and it does not lift any feet off the ground. When humanoid 
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reaches its next motion, as seen in Figure 9.2c, it tries to find the best location for CoM and CoP, balance 

itself and provide the most stable stance, and also tries to produce the most energy efficient stance by 

analyzing its own CoM and CoP. Next phase of this experiment for humanoid is to go back to its original 

crouch position from the stand position. It tries sitting down until it is in crouch position. Same constraints 

and objectives are still valid. Robot keeps its balance. 

Ankle

Knee

Hip

Trunk

Center 

of Mass

CoM 

projection 

on the 

ground

Direction 

of the 

motion

(a) (b) (c)

Direction 

of the 

motion

(b) (a)  
Figure 7.2 Model of standing up and sitting down 

7.3 Process Used to Find the Minimum Energy Usage 

Figure 7.3 shows the process flow for successful standing up and sitting down motions with 

minimum acceleration, minimum mechanical power loss, minimum electrical loss and minimum electrical 

current usage. Humanoid starts its motions with a reference angular velocity and joint trajectories. After 

these velocities and trajectories are applied to the joint motors, constraints are verified that, these limitations 

values are not violated which can cause humanoid to fall over. Some motion durations can be very short 

which will cause very high speed standing up and sitting down motion, or they can be very slow which will 

take a very long time to finish. DC motors will draw input current, voltage and electrical power depending 

on its electrical and mechanical loads and electrical and mechanical losses. These values will differ with 

different angular velocities, different trajectories and motion task time required. 

Decision making process will choose the minimum electrical input current, power for a successful 

motion task. At the same time, process will choose the minimum possible electrical losses and required 

mechanical torque and power to accomplish the motion task. With these new values, all motion values will 

be reevaluated and checked again for a successful motion task until minimum values for losses, current, 

input power are reached while maintaining the enough mechanical torque and power from DC motors. 
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Figure 7.3 Decision making process for lower energy usage per joints 
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It is the goal of this particular test to find the best angular velocity of joint trajectories to obtain 

minimum energy consumption. In order to accomplish this, robot tries different trajectories and joint angular 

velocities. Every joint angular velocity and trajectory will have a power consumption or energy expenditure 

profile depending on the humanoid’s dynamics. This information is used by the process to find the best 

acceptable velocity and trajectory with minimum power consumption for this particular task. 

There are some assumptions that are needed be defined. Torso of the humanoid will be in a vertical 

position, there might be small changes in the torso angle but algorithm will try to find the best energy efficient 

angle by moving backward or forward during standing up or sitting down. Humanoid will have enough 

friction under each foot so that it will not slip and fall down.  

There are location constraints for ground projection of CoM and CoP of the humanoid which will be 

explained and tested in another section. Another constraint is the angular and linear velocity of the 

humanoid CoM.  

To evade the humanoid fall due to high angular speeds, robot will find the best angular and linear 

velocity value of center of mass for minimum energy usage. Process used to approximate the robot model 

analyzes the kinematics and dynamics of the real humanoid robot, estimates the torques that are required 

by every joints. This torque information is used when motor mechanical power is estimated per joint.  

Robot will save all related information for every joint locally to analyze data later offline. After 

analysis of this data, once a best match is found for velocity and trajectory for best energy usage, it will 

attempt the test again to verify the same results. Data is collected and analyzed by using Python and Matlab 

programs. There is a Naoqi module running in Nao’s main CPU processor to record all the data from all 

joints during the tests. This includes system time, joint angular positions, joint current consumptions, robot’s 

battery voltage and current demand.  

Robot is managed over an Ethernet network from a Microsoft Windows 7 machine running a Python 

(version 2.7) codes for all the motion related tasks. Matlab program is used to analyze the data. 

7.4 Comparison of the Joint Angular Positions 

Figure 7.4 shows the angular positions for knee, hip and ankle joints. As seen in the above graph, 

knee pitch joint cover larger angular difference in radians (from 2.1 rad to -0.06 rad) compared to other two 

joints for standing up motion. 
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a 

 
b 

Figure 7.4 Standing up trajectories and sitting down trajectories for joints 

Hip pitch joint rotates (from -0.92 to -0.1) which is the least amount of rotation amongst these three 

joints for standing up. Ankle joint only rotates from -1.16 rad to 0.08 rad for standing up. Three joints use 

the same amount of rotation backwards when the humanoid is sitting down as seen in the Figure 7.4b. 

7.5 Joint Angular Trajectories Duration 

Following Table 7.1 shows the joint angle interpolation with time for each motion task. Three 

different task durations are used to compare the results. Every joint trajectory is required to finish its angular 

rotation in these times. Following results are compared with each other by referencing this angular speeds 

and task times. 

Table 7.1 Joint angular trajectories duration 

Joint Motion Time (sec) 1 6 

Knee Pitch Angular Velocity (rad/sec) 2.13 0.35 

Ankle Pitch Angular Velocity (rad/sec) 1.23 0.2 

Hip Pitch Angular Velocity (rad/sec) 0.80 0.13 

 
7.6 Joint Angular Velocity Comparison 

Figure 7.5 shows the joint angular velocities. In Figure 7.5a, knee joint has the highest angular 

velocity and the hip has the lowest angular velocity. This same characteristic is valid for the other graph 

Figure 7.5b. This is because of the angular rotation time that knee pitch joint needs to finish. Of course, 

with shorter motion completion time, knee has the highest of angular velocity among all other joints and 

motion times. Hip pitch joint tries to balance the upper body vertically during this test. That’s why it does 

not cover a wide angular trajectory and its angular velocity is minimal. 
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Motion Time 1 Motion Time 6 

 
a (standup) 

 
b (standup) 

 
c (sit down) 

 
d (sitdown) 

Figure 7.5 Angular velocities of each joints 

7.7 Joint Accelerations 

Motion Time 1 Motion Time 6 

 
a (standup) 

 
b (standup) 

 
c (sit down) 

 
d (sit down) 

Figure 7.6 Joint accelerations 
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Figure 7.6 shows the joint accelerations. Knee joint has the highest acceleration, see Figure 7.6a. 

Knee joint uses 15% more acceleration while standing up with fast motion, and 178% more acceleration 

with very slow motion. Reason for the difference is that standing up requires the motion against the gravity. 

7.8 Comparison of Link CoM Angular Velocity  

Motion Time 1 sec Motion Time 6 sec 

 
a (standing up) 

 
b (standing up) 

  

 
c (sitting down) 

 
d (sitting down) 

Figure 7.7 Link CoM angular and linear velocities 

During standing up motion, hip pitch link CoM has the highest angular velocity, see Figure 7.7a. 

Ankle pitch link CoM has the lowest angular velocity.  Even though knee joint needs to rotate a wider angle 

than the other two joints, its link CoM has a lower angular velocity value. With slowest test time (motion 

time 6 sec), knee joint CoM has the biggest angular velocity and ankle pitch CoM joint has the lowest 

angular velocity. 

 For sitting down motion, hip pitch link CoM has the biggest angular acceleration, and ankle pitch 

link CoM has the lowest angular acceleration. This is because of the hip link CoM angular rotation is bigger 

than the other two joints. See Figure 7.8 which shows the location displacement of each CoM. This graph 

shows only the sitting down motion but up and down trajectories are same, it is intended to only show the 

angular displacement and its effect on the velocity of every link CoM.  
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Figure 7.8 CoM location change 

During sitting down motion with longer time period (6 sec), Figure 7.7d shows that hip pitch link 

CoM has the highest angular velocity change. Ankle pitch link CoM angular velocity is very close to zero. 

Motion control during sit down position tries to balance the upper body during very slow motion, that’s why, 

graph shows the control signals are have big spikes. 

7.9 Comparison of Link CoM Linear Velocity  

Motion Time 1 sec Motion Time 6 sec 

 
a (standing up) 

 
b (standing up) 

 
c (sitting down) 

 
d (sitting down) 

Figure 7.9 Comparison of linear velocities 

As for the linear velocity of the CoM for every link, they have the very similar relationship, see 

Figure 7.9. Hip CoM has the highest linear velocity for standing up and sitting down for the same reason, it 

rotates a bigger angle in order to comply with the control signal. Signals shown for slower speed (6 sec) 
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has a lot spikes, it is because of the controller is trying to balance the upper body and knee joint for very 

slow speed with dynamic disturbances from other links, it is constantly sending commands to the joints to 

increase or decrease the angular velocities to comply with the constraints. Whereas with high speed test, 

every link CoM needs to get to their position in given short time, that’s why command signals are applied 

more efficiently to check the position and velocity. 

7.10 Link CoM Accelerations 

Motion Time 1 sec Motion Time 6 sec 

 
a  (standing up) 

 
b  (standing up) 

 
c (sit down) 

 
d  (sit down) 

Figure 7.10 Link CoM accelerations 

Figure 7.10 shows the angular acceleration of each CoM. For standing up and sitting down, hip link 

CoM has the highest angular acceleration, since this link CoM has the highest angular velocity, this results 

makes sense. In given test time, this link need to cover the biggest angular rotation, that’s why it used the 

biggest angular acceleration and angular velocity. See Figure 7.10a and c.  

For longer test time (6 sec), during standing up, even though knee link CoM uses bigger angular 

acceleration spike as seen in Figure 7.10b, it slowly become less. Hip link CoM on the other hand has a 

steady acceleration during standing up.  Ankle link CoM has a fluctuating angular acceleration value around 

value zero. Similar results are seen on Figure 7.10d for sitting down. Hip has the highest angular 

acceleration, knee has oscillation like pattern and ankle has very small acceleration.  
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7.11 CoM Position Location 

Standing up Sitting down 

 
a 

 
b 

Figure 7.11 The CoM location change in x and y direction 

Above Figure 7.11a shows the complete stand up and Figure 7.11b shows sitting down movement. 

This CoM represents the humanoid whole body center of mass. While the robot is sitting it is around 150mm 

from the ground, when it stands up, it reaches to almost 250 mm. during each motion, standing up and 

sitting down, center of mass moves forward and backward according to the CoM controller to balance the 

humanoid to avoid falling or tipping over the foot. Left smaller graphs in graph Figure 7.11a and b show the 

CoM location change in x direction and y direction during standing up and sitting down. 

Humanoid’s center of mass has a higher angular velocity during sitting down motion for shorter 

test.  Angular velocity value reaches almost 3.6 rad/s standing up, and it reaches 4.6 rad/s sitting down, 

see Figure 7.12a and c. With longer motion time (6 sec), center of mass angular velocity decreases to 1.66 

rad/sec for both standing up and sitting down. This is an expected behavior because of the time constraints 

on the tests, humanoid does not need have higher acceleration for slowest test. With shorter time period, 

humanoid needs to accelerate and decelerate faster, and this increases the overall center of mass 

dynamics, which increases its own angular velocity. 

Figure 7.13 presents the linear velocity of the CoM. Again, with shorter response time from the 

humanoid, center of mass need to travel faster to a stable position, see Figure 7.13a and c, this requires a 

faster travel time along the joint trajectories. Longer test time (6 sec) causes less stress on the humanoid 

robot and this creates lower linear velocity for the center of mass. See Figure 7.13b and d. 
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Motion Time 1 sec Motion Time 6 sec 

 
a (Standing up) 

 
b (Standing up) 

 
c (Sitting down) 

 
d (Sitting down) 

Figure 7.12 Angular velocity of CoM 

 
Motion Time 1 sec Motion Time 6 sec 

 
a (Standing up) 

 
b (Standing up) 

 
c (Sitting down) 

 
d (Sitting down) 

Figure 7.13 Linear velocity of the CoM 
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7.12 Joints Torque Comparisons 

Motion Time 1 sec Motion Time 6 sec 

 
a  (Standing up) 

 
b  (Standing up) 

 
c  (Sitting down) 

 
d  (Sitting down) 

Figure 7.14 Joints torque comparison 

Table 7.2 Standing up maximum torque values 

Standing up Ankle Knee Hip 

 Min Max Min Max Min Max 

Motion Time 1 sec 3.13 5.95 1.37 3.22 0.87 1.42 

Motion Time 6 sec 2.58 5.62 1.3 3.31 0.84 1.53 

 
Table 7.3 Sitting down maximum torque values 

Sitting down Ankle Knee Hip 

 Min Max Min Max Min Max 

Motion Time 1 sec 2.7 5.32 1.82 2.58 1.01 1.21 

Motion Time 6 sec 3.1 5.45 1.95 2.66 1.03 1.14 

 

Figure 7.14 shows the comparison of the torques for ankle, knee and hip for better visibility. Clearly 

ankle pitch joint will need much bigger torque value in order to keep up with the angular positional trajectory 

and velocity requirements. Knee pitch joint will have a smaller torque value than ankle joint will have. Hip 

pitch joint has the smallest torque value. Torque shown in graphs is calculated by the algorithm to identify 

the applied forces on the every joint. This torque value accounts for humanoid’s all dynamical and 

kinematical information. From above results, knee joint has the biggest positional value compared to other 
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two joints. This will produce also the biggest angular velocity value among three joints. However, ankle joint 

will have the highest torque required to manage the standing up and sitting down motion, because, since 

this joint is coupled with knee joint directly and hip joint indirectly, it is affected more by its own dynamics 

and dynamics reflected from all other joints. These dynamics include the torque required to manage the 

ankle position, angular velocity of its own, and torques distributed by knee and hip joints which has totally 

different angular velocities and trajectories. Generally, effects of coupled joint torques are regarded as 

external forces, or it can be said that this ankle joint is disturbed by other coupled joints. 

7.13 Mechanical Power by Joint DC Motor Comparisons 

Motion Time 1 sec Motion Time 6 sec 

 
a (Standing up) 

 
b (Standing up) 

 
c (Sitting down) 

 
d (Sitting down) 

Figure 7.15 Comparison of mechanical power 

Table 7.4 Standing up maximum mechanical power values produced by each joint, all values are in 
Nm.rad/s 

Standing up Ankle Knee Hip 

Motion Time 1 sec 11.2 9.27 1.8 

Motion Time 6 sec 1.86 1.47 0.29 

 
Table 7.5 Sitting down maximum mechanical power values produced by each joint, all values are in 
Nm.rad/s 

Sitting down Ankle Knee Hip 

Motion Time 1 sec 10.72 8.86 1.81 

Motion Time 6 sec 1.86 1.54 0.3 
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Figure 7.15, Table 7.4 and 7.5 show the mechanical power produced by every joint to accomplish 

the positions.  Mechanical power is directly related with torque produced and velocity required for the 

motion. For higher speeds, which causes shorter time to finish motion tasks, mechanical power produced 

is bigger for joints.  

For example with this humanoid NAO during standing up motion, for ankle pitch joint, it requires 

almost 500% increase in mechanical power, for knee joint, it requires 530% increase in mechanical power, 

for knee joint, it requires 520% increase in mechanical power. These results are compared between two 

different test times, 1 sec and 6 sec. In regards of sitting down motion for both test times, ankle joint requires 

475% increase, knee joint needs 475% increase, and hip joint needs almost 500% increase when the 

humanoid goes from very slow speed to very high speed. 

If three joints are compared to each other for one particular test, such as for motion time 1 sec, 

ankle pitch joint will always have the highest mechanical power produced. This is because of its torque and 

speed requirements. Ankle joint torque handles all the dynamics of the humanoid body as well as all other 

disturbances caused by the other links during the dynamic motions.  

7.14 Comparison of Electrical Input Power Provided to Joints 

Motion Time 1 sec 

 
a (Standing up) 

 
b  (Standing up) 

 
c  (Standing up) 

 
d (Sitting down) 

 
e  (Sitting down) 

 
f  (Sitting down) 

Figure 7.16 Electrical input power comparison with faster motion 
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Motion Time Speed 6 sec 

 
a  (Standing up) 

 
b  (Standing up) 

 
c  (Standing up) 

 
d  (Sitting down) 

 
e  (Sitting down) 

 
f  (Sitting down) 

Figure 7.17 Electrical input power comparison with slower motion 

Table 7.6 Standing up maximum input electrical power values delivered to each joint 

Standing Up Ankle (W) Knee (W) Hip (W) 

Motion Time 1 sec 26 30.97 9.85 

Motion Time 6 sec 19.71 28.13 8.04 

 

Table 7.7 Sitting down maximum input electrical power values delivered to each joint 

Sitting Down Ankle (W) Knee (W) Hip (W) 

Motion Time 1 sec 13.36 26.29 7.27 

Motion Time 6 sec 21.09 17.74 10.65 

 

All three joints will draw electrical current from the humanoid battery according to the needs of the 

motions required to accomplish in given time. By looking at the Figure 7.16 and Figure 7.17 above and the 

Table 7.6 and Table 7.7, during standing up motion, ankle pitch joint uses less input power with slower 

motion time, knee pitch joint uses more input power with faster motion.  Hip pitch joint requires less electrical 

input with slower motion time. For ankle joint, from low speed motion (0.2 sec) to high speed motion (6 sec), 

it requires 32% increase. For knee joint, it is 10.1%, for hip joint, it is 22.5%. 

For sitting down motion, ankle joint needs more electrical power for slower motions (57% increase). 

Knee joint needs more power for faster motions (48% increase), and hip joint needs more power for slower 

motions (46% increase). For the same motion time 1 sec, when standing up and sitting down powers are 
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compared, ankle joint uses 94% more electrical input power standing up, knee joint uses 19% more power 

standing up, and hip joint uses 35% more power standing up.  

For the same motion time 6 sec, when standing up and sitting down powers are compared, ankle 

joint uses 7% less electrical input power standing up, knee joint uses 58% more power standing up, and 

hip joint uses 32% less power standing up. 

7.15 Comparison of Loss of Electrical Power in the Joints Motor Armature 

DC motors present losses when they operate due to internal electrical losses, friction losses, and 

torque losses. The electrical loss is caused by motor armature current. This loss is directly related to the 

electrical current required by DC motor structure to produce the required torque. With higher current values, 

the losses are expected to increase.  

According to the results shown in Figure 7.18, Figure 7.19, Table 7.8 and 7.9, joints present 

different characteristics. For example, during standing up or sitting down, hip pitch joint loss is the lowest 

when compared to any other joint losses.  

Knee pitch joint loss is the highest with standing up motions for both slow and fast speed. Knee 

joint has the highest loss when sitting down with high speed. But ankle pitch joint loss is highest with the 

motion speed is the slowest.  

For motion time 1 sec, when standing up and sitting down power loss is compared, ankle has 278% 

more power loss standing up, knee pitch joint has 38% more power loss standing up, and hip pitch joint 

has 76% more power loss standing up. For motion time 6 sec, when standing up and sitting down power 

loss is compared, ankle has 14% less power loss standing up, knee pitch joint has 64% less power loss 

sitting down, and hip pitch joint has 75% less power loss standing up. 

Table 7.8 Standing up maximum electrical power loss values in each joint 

Standing up Ankle (W) Knee (W) Hip (W) 

Motion Time 1 sec 0.87 1.23 0.12 

Motion Time 6 sec 0.5 1.02 0.08 

 

Table 7.9 Sitting down maximum electrical power loss values in each joint 

Sitting down Ankle (W) Knee (W) Hip (W) 

Motion Time 1 sec 0.23 0.89 0.068 

Motion Time 6 sec 0.57 0.4 0.14 
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Motion Time 1 sec 

 
a   (Standing up) 

 
b   (Standing up) 

 
c   (Standing up) 

 
d   (Sitting down) 

 
e   (Sitting down) 

 
f   (Sitting down) 

Figure 7.18 Electrical power comparison with test 1 

Motion Time 6 sec 

 
a   (Standing up) 

 
b   (Standing up) 

 
c   (Standing up) 

 
d   (Sitting down) 

 
e   (Sitting down) 

 
f   (Sitting down) 

Figure 7.19 Electrical power loss comparison with test 2 

7.16 Ankle, Knee and Hip Joint Current Usage Comparisons for Different Angular Speeds 

Figure 7.20 and Figure 7.21 show the two different graphs for current demands for different angular 

velocities for the ankle pitch joint. With higher speed, this joint reaches almost maximum 1.4A current for 
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standing up, while with slowest speed its current demand reaches maximum 0.85A. For sitting down motion, 

faster motion time 1 sec has a higher maximum current usage (1A) than slower motion time 6 sec.  

For the same motion time 0.2, ankle pitch joint uses more energy for standing up motion. One of 

the reasons is that ankle pitch joint needs to work against the gravity to apply the control commands. 

Motion time 1 sec 

 
a 

Motion time 6 sec 

 
b 

Figure 7.20 Ankle pitch current usage for standing up motion 

Motion time 1 sec 

 
a 

Motion time 6 sec 

 
B 

Figure 7.21 Ankle pitch current usage for sitting down motion 

 
Motion time 1 sec 

 
a 

Motion time 6 sec 

 
B 

Figure 7.22 Knee pitch current usage for standing up motion 
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Motion time 1 sec 

 
a 

Motion time 6 sec 

 
B 

Figure 7.23 Knee pitch current usage for sitting down motion 

Knee pitch joint uses more current with faster motion as seen in Figure 7.22 and Figure 7.23. 

Standing up current reaches almost maximum 1.4A while sitting down current is around maximum 1.2A. 

Knee pitch joint uses less current with slower speed. For sitting down it reaches maximum 1.2A with slower 

test motion (6 sec). 

 Motion time 1 sec 

 
a 

Motion time 6 sec 

 
b 

Figure 7.24 Hip pitch current usage for standing up motion 

 Motion time 1 sec 

 
a 

 Motion time 6 sec 

 
b 

Figure 7.25 Hip pitch current usage for sitting down motion 

Similar results are seen in above Figure 7.24 and Figure 7.25 for hip. For faster task 

accomplishment time during standing up, current values have bigger values when they are compared to 
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the slower angular speeds. Ankle and knee joints will use higher current for faster speed. Hip joint will have 

maximum current value less than other joints current values. Knee joint will use almost same current value 

for the slowest motion. This is because of the control mechanism of the joint, it tries to balance the upper 

body during the motions, with longer task time, and this joint will have higher current utilization. 

7.17 Current, Power Usage Comparisons for Different Angular Speeds in Table Format 

Following tables show the current, electrical power loss, electrical input power values for ankle, 

knee and hip pitch joints. Values are shown for each joint motion time. Values in red show the maximum, 

green show the minimum. 

Table 7.10 Knee standing up results 

Motion Time (Seconds) 1 2 3 4 5 6 

Maximum Current 1.392 1.296 1.205 1.216 1.301 1.194 

Mean Current (Ampere) 0.472 0.505 0.510 0.482 0.534 0.530 

Maximum Elect Loss (Joule) 1.550 1.343 1.162 1.182 1.354 1.141 

Mean Elect Loss (Joule) 0.345 0.282 0.267 0.239 0.283 0.280 

Maximum Input Energy (Watt) 34.660 32.270 30.012 30.278 32.403 29.747 

Mean Input Energy (Watt) 11.777 12.581 12.720 12.009 13.317 13.219 

 

Table 7.10 shows the results of standing up motion for knee joint. Knee pitch joint draws minimum 

current when it finishes its angular rotation in 6 seconds compared other times for standing up.  

This speed seems to work best with the knee joint, it is using longer time and not operating at full 

speed. Joint’s mean current usage is better when joint moves faster, with 1 second to finish the rotation.  

This joint’s electrical loss in the motor is the highest with the fastest joint speed because it would 

need the high current input to accomplish the motion task. Joint’s maximum electrical input power has its 

highest value when it operates with the highest angular rotation but its slowest motion (4 sec) has the 

highest mean input value. This is because the slowest angular rotation takes longer time to finish the motion, 

knee joint is continuously engaged. 

Table 7.11 shows the results of sitting down motion for knee joint. Knee joint works best with lower 

speeds as seen in the table.  

With high speeds, joint starts to have very high electrical loses and maximum current usage. With 

longest task time for sitting down, knee joint has the highest mean values for current usage and input 

electrical power value. 
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Table 7.11 Knee sitting down results 

Motion Time (Seconds) 1 2 3 4 5 6 

Maximum Current 1.248 1.216 1.061 0.842 0.922 0.757 

Mean Current (Ampere) 0.243 0.238 0.250 0.235 0.269 0.277 

Maximum Elect Loss (Joule) 1.246 1.182 0.901 0.568 0.681 0.458 

Mean Elect Loss (Joule) 0.183 0.147 0.129 0.105 0.118 0.105 

Maximum Input Energy (Watt) 31.075 30.278 26.427 20.9824 22.974 18.857 

Mean Input Energy (Watt) 6.061 5.941 6.226 5.868 6.706 6.915 

 

Table 7.12 Hip standing up 

Motion Time (Seconds) 1 2 3 4 5 6 

Maximum Current 0.736 0.394 0.453 0.48 0.458 0.426 

Mean Current (Ampere) 0.208 0.128 0.146 0.163 0.152 0.156 

Maximum Elect Loss (Joule) 0.433 0.124 0.164 0.184 0.168 0.145 

Mean Elect Loss (Joule) 0.055 0.020 0.023 0.030 0.027 0.028 

Maximum Input Energy (Watt) 18.326 9.827 11.288 11.952 11.420 10.624 

Mean Input Energy (Watt) 5.183 3.195 3.659 4.077 3.794 3.885 

 

Table 7.12 shows the results of standing up motion for hip joint. Hip pitch joint has the highest 

losses and current usage for the fastest motion time (1 sec) for standing up motion. It has the lowest values 

for motion time 2 sec.  

Table 7.13 Hip sitting down 

Motion Time (Seconds) 1 2 3 4 5 6 

Maximum Current 0.421 0.448 0.469 0.464 0.469 0.506 

Mean Current (Ampere) 0.184 0.215 0.2420 0.262 0.293 0.281 

Maximum Elect Loss (Joule) 0.142 0.160 0.176 0.1722 0.176 0.205 

Mean Elect Loss (Joule) 0.041 0.047 0.055 0.061 0.075 0.069 

Maximum Input Energy (Watt) 10.491 11.155 11.686 11.553 11.686 12.616 

Mean Input Energy (Watt) 4.600 5.369 6.026 6.531 7.304 7.010 

 

Table 7.13 shows the results of sitting down motion for hip joint. Hip pitch joint uses minimal current 

with higher speed motion (1 sec). Its mean current usage value remains higher for slower speed motion (6 

sec) because of the motion time takes longer to finish.  

Hip joint’s electrical loss has the highest number when it rotates with slower angular speed (1 sec), 

but fastest angular speed (1 sec) has the lowest electrical loss value. With highest angular speed (1 sec), 
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this joint needs the lowest electrical input energy. With lowest angular speed (6 sec), joint needs the highest 

electrical input energy.  

Table 7.14 Ankle standing up 

Motion Time (Seconds) 1 2 3 4 5 6 

Maximum Current 1.344 0.858 0.8 0.832 0.784 0.848 

Mean Current (Ampere) 0.540 0.388 0.435 0.406 0.382 0.387 

Maximum Elect Loss (Joule) 1.445 0.589 0.512 0.553 0.491 0.575 

Mean Elect Loss (Joule) 0.302 0.167 0.196 0.182 0.155 0.162 

Maximum Input Energy (Watt) 33.465 21.380 19.92 20.7168 19.521 21.115 

Mean Input Energy (Watt) 13.460 9.674 10.845 10.130 9.527 9.651 

 

Table 7.14 shows the results of standing up motion for ankle joint. Ankle pitch joint has the minimal 

current usage with slower angular speed (5 sec) but highest current usage with the fastest angular speed 

(1 sec). Mean current usage is also highest with the fastest angular speed (1 sec).  

Joint’s electrical loss is minimum with the slower angular speed (5 sec) and maximum with the 

fastest angular speed (1 sec). It needs the highest electrical input power for the highest angular speed (1 

sec).   

Slower angular speed (5 sec) needs the minimum electrical power input. Fastest angular speed 

consumes the highest mean value of electrical input power.  

Table 7.15 shows the results of sitting down motion for ankle joint. Ankle pitch joint seem to be 

efficient with certain angular speeds. At these motion completion times (2 and 3 sec), knee pitch joint uses 

less current and power. Its current, electrical power usage and electrical loss values have highest values 

for the fastest test time (1 sec). 

Table 7.15 Ankle sitting down 

Motion Time (Seconds) 1 2 3 4 5 6 

Maximum Current 0.970 0.789 0.832 0.8 0.821 0.901 

Mean Current (Ampere) 0.322 0.206 0.196 0.202 0.214 0.220 

Maximum Elect Loss (Joule) 0.753 0.498 0.553 0.512 0.539 0.649 

Mean Elect Loss (Joule) 0.116 0.081 0.077 0.078 0.089 0.096 

Maximum Input Energy (Watt) 24.169 19.654 20.716 19.92 20.451 22.443 

Mean Input Energy (Watt) 8.028 5.151 4.888 5.044 5.333 5.499 
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7.18 Comparison of Maximum Values of Mechanical Power Produced, Standard Deviation Value, 

and Energy Lost Per Angular Speed 

Figure 7.26a shows the comparison between joint maximum current usage during standing up 

motion. Knee joint has the highest current value, knee and hip joints have the sharp increase with increasing 

velocity. Each current minimum points are around 0.4 and 0.6 rad/sec. Figure 7.26b shows the mean 

current usage for standing up motion. Knee joint have declining mean current usage with faster motions. 

Ankle and hip joints have increasing mean current usage with slower motions. 

 
a 

 
b 

Figure 7.26 Standing up maximum and mean current comparisons 

 
a 

 
b 

Figure 7.27 Sitting down maximum and mean current comparisons 

Figure 7.27a shows the maximum current comparison of each joint for sitting down motion. With 

increasing sitting down velocity, knee joint has the highest current usage. Since humanoid tries to sit down 

faster, with the help of gravity its velocity increases rapidly, but by the end of the motion, knee joint needs 

to stop the inertia built in the humanoid and this effect can be seen with increasing current usage with faster 

motions. Sitting down mean current usage comparisons are shown in the above right graph. Ankle joint 
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current usage increases very rapidly with the increasing motion velocity. On the other hand, kneed and hip 

joints mean current usage decline with faster motions. 

Figure 7.28a shows the mean input power to the joints during the sitting down motion. Ankle and 

knee joint show similar characteristics for increase power demand with increasing motion speed. This is 

also effected by the gravitational forces and increased momentum of the humanoid in higher speeds. 

 

 
a 

 
b 

Figure 7.28 Maximum and mean input power comparisons 
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b 

Figure 7.29 Maximum and mean mechanical power comparisons 

Figure 7.29a shows the mechanical power produced by each joint in accordance with the angular 

speed of the joints for standing up motion. With increased velocity, ankle joint produces more mechanical 

power with a sharp climb. Knee joint response seem as if has almost a linear response to increasing 

velocity. Above right graph, for sitting down motion, ankle joint produces more mechanical power than other 

two joints. Ankle joints mechanical power response is very similar to standing up motion response. 
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a 

 
b 

Figure 7.30 Maximum and mean value of standard deviation of mechanical power comparisons 

Figure 7.30a shows the standard deviation of the mechanical power produced by each joint. Knee 

joint has the highest deviation because with increasing speed in the standing up motion, it is required to 

produce more mechanical power with more speed.  

Figure 7.30b shows the sitting down results of standard deviation of mechanical power. Ankle joint 

causes more deviation of mechanical power during sitting down motion with higher velocities. Ankle joint 

needs to balance the humanoid and work against the gravity forces, that’s why its mechanical power 

standard deviation is bigger compared to the other two joints.  
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Figure 7.31 Maximum and mean value of energy loss comparisons 

Figure 7.31a shows the power losses due to produced torque in each joints. For standing up and 

sitting down motions, ankle joint loses more energy due to its own torque when compare to the other two 

joints. Since ankle joint is at the base of the humanoid, it is susceptible to all other coupled dynamic forces 

from other joints, and gravitational forces. These forces affect ankle joints ability to control the humanoid 

balance and stability, and this definitely caused energy loss.  
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7.19 Center of Pressure Location 

Center of pressure point is an important indication of the forces applied under each foot. Figure 

7.32 shows the fastest (1 sec) and slowest (6 sec) test results for center of pressure. With higher speed, 

since the dynamic forces and torques of the humanoid is higher compared to the slower speed, center of 

pressure location spans a larger area as seen on the left graphs. With slower speed, center of pressure is 

seemed to be more localized around ankle point (shown by x mark). 

Time 1 sec Time 6 sec 

 
a (stand up) 

 
b  (stand up) 

 
c (sit down) 

 
d  (sit down) 

Figure 7.32 Graph shows the foot area and center of pressure location change for the standing up and 
sitting down motions 
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accomplish this task. During this task, knees and hips joints are kept still. Knees and hip joints are engaged 

with the torque all the time, and ankle joint will be used to control the moment and velocity of the CoM. 

Figure 7.33 shows the humanoid center of mass location change. Humanoid body sways back and 

forth to find the minimum energy required for backward and forward balancing motions.  

Humanoid center of mass moves almost 54 mm in positive and 44 mm in negative x direction, it 

does not change much its location in y direction since the humanoid is standing up and its feet are not 

moving. All joints are fixed at one position except the ankle joint.  

Ankle joint uses the trajectory shown in Figure 10.35. It moves from to 0.15 rad backward and 0.25 

rad forward. There are two test with two different motion times to compare the velocity effect on energy 

consumption, one for 2 sec and another one for 4 sec. 

 
Figure 7.33 Center of mass location change by ankle 

 
Figure 7.34 Joint angular positions, and ankle pitch joint trajectory shown in blue line 
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Figure 7.35 Link CoM (left figure) and humanoid CoM (right figure) 

Each joint link center of mass move backward and forward, but their trajectories are different as 

seen in Figure 7.35. Ankle pitch link center of mass does not move much compared to hip joint link center 

of mass. Hip link center of mass travel between -62 mm and 85 mm, knee link center of mass travel between 

-31 mm and 29 mm, ankle joint link center of mass travels between -9 mm and 7 mm. 

Motion time 2 sec Motion time 2 sec 

 
a 
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Motion time 4 sec Motion time 4 sec 

 
c 
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Figure 7.36 CoM of links angular and linear velocities  
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With shorter time to finish the motion commands given to the joint DC motors, angular and linear 

velocities of CoM of each link increase as seen in Figure 7.36, which shows the results for two different 

time, 2 sec and 4 sec. Angular velocity of the ankle joint link center of mass increases, while angular joint 

of knee and hip center of masses either stay close or change slightly. Over all they are very close to the 

same value, which is expected for the angular velocity. As for the linear velocity of each center of mass, it 

is definitely increasing with decrease motion time. See Figure 7.36b and d for the results. Hip link center of 

mass has the fastest linear velocity since its angular trajectory is bigger than other two center of masses’ 

angular trajectories. 

 
a 

 
b 

Figure 7.37 Angular velocities of each joint, 2 sec (a) and 4 sec (b) 

Ankle joint increases its own angular velocity to finish the motion in shorter time. Results are 

presented in Figure 7.37. By cutting the motion time in half, ankle joint angular velocity increases by almost 

50% while other two joint’s angular velocity change slightly.  

 

 
a 
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Figure 7.38 Angular acceleration comparisons, 2 sec (a), 4 sec (b) 
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change with motion time difference. As seen in Figure 7.38b, with slower motion time, knee and hip joint 

angular velocity values stay closer to each other. Figure 7.38a shows that ankle has the biggest 

acceleration. DC motor input power usage increases with longer motion times. This is seen in Figure 7.39b, 

with longer motion time, ankle joint is loaded longer which draws more current and power. With short 

operation time, Figure 7.39a, joint current usage is less. See Table 7.16 for comparison. With 50% less 

time, ankle is using 4% less input power, knee joint uses 4% less power, hip joint uses 16% less power for 

this particular test. Ankle joint shows higher electrical losses with longer operation time as seen in Figure 

7.40b. Electrical loss value is 0.85W compared to 0.79W in short time motion. So, if angular velocity 

increases, ankle joint will engage shorter time and loaded shorter time, this will yield less electrical loss. 

See Table 7.17 for comparisons. 

 
a 

 
b 

Figure 7.39 Electrical power used, from 0.15 rad to 0.25 rad comparisons, 2 sec (a) and 4 sec (b) 
 

Table 7.16 Maximum values of input power for different motion times 

 Motion time 2 sec Motion time 4 sec 

Ankle (W) 24.86 25.76 

Knee (W) 14.87 15.48 

Hip (W) 8.87 10.33 

 

 
a 

 
b 

Figure 7.40 Electrical loss for each joint, from 0.15 rad to 0.25 rad comparisons, 2 sec (a) and 4 sec (b) 
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Table 7.17 Maximum values of electrical loss in each joint for different motion times 

 Motion time 2 sec Motion time 4 sec 

Ankle (W) 0.79 0.85 

Knee (W) 0.28 0.3 

Hip (W) 0.1 0.13 

 

Mechanical torque represents the torque produced by the joint and forces acting on the joint from 

other external forces which includes the momentum and inertial effects from other body links. Figure 7.41a 

shows the increased angular velocity effect on the ankle joint torque. This torque has ripples which Figure 

7.41b does not have. These ripples are caused by momentum and inertial effects from other joint’s 

acceleration and dynamic motion. This is clearly seen in Lagrange equations. Table 7.18 shows the 

comparison of torques of each joint for two different motion times. With 50% less time for each motion, 

ankle joint torque increases by 2.5%. Other two joint torques do not change a lot to mention here. 

 
a 

 
b 

Figure 7.41 Mechanical torque produced by each joint, from 0.15 rad to 0.25 rad comparisons 

Table 7.18 Maximum values of torque produced by each joint 

 Motion time 2 sec Motion time 4 sec 

Ankle (Nm) 5.64 5.5 

Knee (Nm) 2.75 2.7 

Hip (Nm) 1.17 1.15 

 

 
a 

 
b 

Figure 7.42 Mechanical power produced by each joint, from 0.15 rad to 0.25 rad comparisons 
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Table 7.19 Maximum values of mechanical power by each joint comparison for two different motion times 

 Motion time 2 sec Motion time 4 sec 

Ankle (NmRad/Sec) 2.13 1.1 

Knee (NmRad/Sec) 0.17 0.08 

Hip (NmRad/Sec) 0.05 0.04 

 

Mechanical power produced by each joint is effected by joint angular velocity and torque produced. 

Result of increased angular velocity and torque can be seen in Figure 7.42 and Table 7.19.  

Ankle joint needs 93% more mechanical power to handle faster motion, knee joint needs 112% 

more mechanical power and hip joint needs 25 % more mechanical power. 

Table 7.20 Power, current, electrical loss comparison 

 

 

Table 7.20 shows mean and maximum values of the electrical power, current input, and electrical 

loss for ankle joint.  

For highest speed (motion time 2 sec), ankle joint has highest mean current input demand, highest 

mean electrical losses and highest mean input power. For longer motion time (4 sec), ankle joint has 

maximum values for input current, electrical loss, and input power. Ankle joint seems to work best with mid-

range velocity (3 sec) for balancing the humanoid body. 

 
a 

 
b 

Figure 7.43 Center of pressure comparison for fast and slow motion 
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Center of pressure location results are seen in Figure 7.43. With faster ankle joint motion, center 

of pressure points spreads over a wider area because of the increased dynamics of the humanoid. With 

slower angular speed of ankle joint, center of pressure points are covering less area. 

7.21 Tilting Forward and Backward During Biped Stand by Hip Joint 

The purpose of this test is to use hip control strategy to balance the robot, increase the stability and 

find the best possible torso posture for lowest minimal energy usage for torso as well as for the rest of the 

joints. 

In this test, humanoid keeps its stance posture with ankle, knees and hip joints fully actuated. Torso 

angle which is initially vertical to the ground is changed in order to find the best CoM, CoP projection 

locations on the ground, and hip position that has minimal energy usage. Hip joints are used to move the 

torso clockwise and counterclockwise as a strategy for better performance. During this motion, constraints 

of CoM, CoP, and angular velocity are not violated. All other joints are fixed except hip joints. 

 
Figure 7.44 Hip joint motion 

 
Figure 7.45 Hip joint motion and humanoid center of mass location change 

Figure 7.45 shows the humanoid center of mass location change. Humanoid upper body sways 

back and forth to find the minimum energy required for backward and forward balancing motions by hip 

joint. Humanoid center of mass moves almost 41 mm in positive and 32 mm in negative x direction, it 
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changes its location in y direction between 221mm and 238mm while it is standing up and its feet are not 

moving. All joints are fixed at one position except the hip joint. Hip joint uses the trajectory shown in Figure 

10.47. It moves from to -0.4 rad backward and 0.4 rad forward. There are two test with two different motion 

times, one for 2 sec and another one for 4 sec. 

 

 
Figure 7.46 Joint angular positions, hip pitch joint trajectory shown in red line 

Hip joint center of mass move backward and forward, as seen in Figure 7.47. Ankle pitch link center 

of mass does not move. Hip link center of mass travel between -54 mm and 74 mm. Knee link center of 

mass does not. 

 
Figure 7.47 Center of mass position of each link (left figure) and center of mass of humanoid (right figure) 

With shorter time to finish the motion commands given to the joint DC motors, angular and linear 

velocity of CoM of hip pitch link increase as seen in Figure 7.48 and in Table 7.21 and 7.22, which shows 

the results for two different times; 2 sec and 4 sec. Angular velocity of the hip joint link center of mass 

increases by 56%, while angular joint of knee and hip center of masses either stay close or change slightly 

as seen in Table 7.21. Over all ankle and knee joint angular velocity are very close to the same value, which 

is expected for the angular velocity. Only hip pitch joint angular velocity is increasing which is expected. As 

for the linear velocity of each center of mass, it is increasing with decrease motion time. See Figure 7.48b 
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and d and Table 7.22 for the results. Hip link center of mass has the fastest linear velocity since its angular 

trajectory is bigger than other two center of masses’ angular trajectories. It is increasing its linear velocity 

by 70%. 

Motion time 2 sec 

 
a 

 
b 

Motion time 4 sec 

 
c 

 
d 

Figure 7.48 CoM of links angular and linear velocities 

Table 7.21 Maximum values of angular velocity of center of mass of links 

 Motion time 2 sec Motion time 4 sec 

Ankle (rad/sec) 0.22 0.33 

Knee (rad/sec) 0.55 0.54 

Hip (rad/sec) 2.95 1.89 

 

Table 7.22 Maximum values of link CoM angular velocity  

 Motion time 2 sec Motion time 4 sec 

Ankle (rad/sec) 3.1 2.54 

Knee (rad/sec) 13.63 10.14 

Hip (rad/sec) 131.2 76.91 

 

Hip pitch joint increases its own angular velocity to finish the motion in shorter time. Results are 

shown in Figure 7.49 and Table 7.23. By reducing the motion time by 50%, ankle joint angular velocity 

increases by almost 93% while knee joint’s angular velocity changes slightly and ankle pitch joint angular 

velocity increases by 95%. 
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As seen in Figure 7.50 and Table 7.24, with shorter time motion, angular acceleration of hip joint 

increases almost 103%, knee joint angular acceleration increases slightly 5%. Ankle joint angular 

acceleration does reflect a change about 24%. As seen in Figure 7.50b, with slower motion time, knee and 

ankle joint angular velocity values stay closer to each other. Figure 7.50a shows that hip joint has the 

biggest acceleration. 

 
a 

 
b 

Figure 7.49 Comparison of angular velocities of each joint, 2 sec (a) and 4 sec (b) 

Table 7.23 Maximum values of link CoM linear velocity  

 Motion time 2 sec Motion time 4 sec 

Ankle (rad/sec) 0.82 0.042 

Knee (rad/sec) 0.037 0.036 

Hip (rad/sec) 0.76 0.393 

 

 
a 

 
b 

Figure 7.50 Angular acceleration comparisons, 2 sec (a), 4 sec (b)   

Table 7.24 Maximum values of angular acceleration of each joint 

 Motion time 2 sec Motion time 4 sec 

Ankle 0.424 0.341 

Knee 0.267 0.253 

Hip 1.876 0.923 

 

Hip control motion shows a different result from the ankle control motion. Figure 7.51 shows that 

even though the hip pitch joint is moving and other two joints are fixed, hip joint is still using less electrical 
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input power than ankle pitch joint. Hip and knee pitch joints electrical input power usage are very similar. 

With increase in speed, hip joint electrical input power only increases by 6%, knee joint electrical input 

power usage increases by 11%, and ankle electrical input power decreases by 7%. Since ankle joint is still 

carrying all humanoid weight, it makes sense for it to use more current, and use even more current with 

extended motion time and extended angular position. 

 
a 

 
b 

Figure 7.51 Comparison of electrical power used, 2 sec (a) and 4 sec (b) 

Table 7.25 Maximum values of input power for different motion times 

 Motion time 2 sec Motion time 4 sec 

Ankle (W) 20.08 21.54 

Knee (W) 17.24 15.51 

Hip (W) 16.63 15.7 

 

 
a 

 
b 

Figure 7.52 Comparison of electrical loss for each joint, 2 sec (a) and 4 sec (b) 

Table 7.26 Maximum values of electrical loss in each joint for different motion times 

 Motion time 2 sec Motion time 4 sec 

Ankle (W) 0.52 0.59 

Knee (W) 0.39 0.3 

Hip (W) 0.36 0.31 

 

Ankle joint shows higher electrical losses with extended operation time as seen in Figure 7.52b. 

Electrical loss value is 0.59W compared to 0.52W in short time motion. So, if angular velocity increases, 
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ankle joint will engage shorter time and loaded shorter time, this will yield less electrical loss. See Table 

7.26 for comparisons. With higher speed, hip joint shows more electrical loss, about 16% more. 

Torque required represents the torque produced by the joint and forces acting on the joint from 

other external forces which includes the momentum and inertial effects from other body links. Figure 7.53a 

shows the increased angular velocity effect on the ankle joint torque. 

 
a 

 
b 

Figure 7.53 Comparison of torque by each joint, 2 sec (a) 4 sec (b) 

Table 7.27 Maximum values of torque by each joint 

 Motion time 2 sec Motion time 4 sec 

Ankle (Nm) 5.505 5.444 

Knee (Nm) 2.66 2.648 

Hip (Nm) 1.114 1.129 

 

This torque has bigger ripples, Figure 7.53b have smaller ones. These ripples are caused by 

momentum and inertial effects from other joint’s acceleration and dynamic motion. This is clearly seen in 

Lagrange equations. Table 7.7 shows the comparison of torques of each joint for two different motion times. 

With 50% less time for each motion, hip joint torque increases by 1%. Knee joint torques increase by 2%. 

Mechanical power produced by each joint is effected by joint angular velocity and torque produced. 

Result of increased angular velocity and torque can be seen in Figure 7.54 and Table 7.28. Hip joint needs 

96% more mechanical power to handle faster motion, knee joint needs 10% more mechanical power and 

ankle joint needs 46 % more mechanical power. 

Table 7.28 Maximum values of mechanical power by each joint comparison for two different motion times 

 Motion time 2 sec Motion time 4 sec 

Ankle (NmRad/Sec) 0.44 0.3 

Knee (NmRad/Sec) 0.097 0.088 

Hip (NmRad/Sec) 0.837 0.426 
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a 

 
b 

Figure 7.54 Comparison of mechanical power produced by each joint 2 sec (a) 4 sec (b) 

Table 7.29 Power, current, electrical loss comparison 

Motion Time (Seconds) 2 3 4 

Maximum Current 0.72 0.672 0.682 

Mean Current (Ampere) 0.269 0.233 0.223 

Maximum Electrical Loss (Joule) 0.414 0.361 0.372 

Mean Electrical Loss (Joule) 0.093 0.070 0.067 

Maximum Input Energy (Watt) 17.928 16.732 16.998 

Mean Input Energy (Watt) 6.699 5.802 5.571 

 

Table 7.29 shows mean and maximum values of the electrical power, current input, and electrical 

loss for ankle joint. For highest speed (motion time 2 sec), hip joint has highest current input, mean current 

input, highest electrical loss, mean electrical losses, input power and mean input power. For longer motion 

times (3 and 4 sec), ankle joint has lower losses and current usage. Hip joint seems to work best with mid-

range velocity (3 sec) for balancing the humanoid upper-body. 

Center of pressure location results are seen in Figure 7.55. With faster hip joint motion, center of 

pressure points cover area very similar to the area that is covered by slower angular speed of hip joint. 

Since hip joint does not cause a lot of dynamics in humanoid, center of pressure points for both speed are 

very similar. 

 
a 

 
b 

Figure 7.55 Center of pressure comparison for fast and slow motion 
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CHAPTER 8: MINIMIZING ENERGY CONSUMPTION WITH Q LEARNING 

 

Different reinforcement learning algorithms are applied to the robotic area to optimize the dynamics 

motions [56]. Walking locomotion has been studied widely by many researchers [57-660]. Study [61] 

indicated the goal of their research is optimizing the energy usage through reinforcement learning.  

The goal of this section is to optimize the standing up motion and humanoid’s energy usage by Q-

learning reinforcement algorithm, which is used to find joint angular trajectories with reduced energy usage. 

The torques generated by the simulated controller joints for balancing define the proper location of the CoM. 

This data is provided to the real robot controller model which keeps the limitations on the CoM and control 

procedure for standing postures. Q-Learning finds several candidate paths to accomplish the tasks. The 

goal is to compare the consumed energy of each trajectories of joints and preserve by finding better 

trajectories and angular and linear velocities, or avoiding frequent accelerations. This model presents a 

controller for constrained optimal control. In order to prevent the constraint violations, this control changes 

the motion variables gradually by simulating the system forward by Q Learning.  

In order to perform simulated experiments related with the standup process on a real robot, the 4-

link humanoid robot model described in chapter 3 is used. The real robot (NAO) has 25 degrees of freedom 

(DoF), which includes two legs, two arms, a trunk, and a head. 

8.1 Motor Model 

The joint DC motor model used in simulations was estimated from collected actual motor 

responses. In order to produce an approximation of each joint motor response during standup motions, this 

simulation needs three different models, one for each joint motor of ankle, knee, and hip pitch. Transfer 

function model is shown in equation (8.1), parameters for ankle are 𝜔 = 0.0098, 𝜁 = 1.4, for knee are 𝜔 =

0.0097, 𝜁 = 0.9 and for hip are 𝜔 = 0.0021, 𝜁 = 4.95. 

A second order system is used as a process model and Predicting-Error Minimization (PEM) 

algorithm [82] used as estimation method. In order to increase the correctness of the information given to 

the estimation algorithm, joint position and target position values were recorded previously while performing 
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Aldebaran version of the stand-up process. The data was applied to PEM estimation method and the 

humanoid dynamic model to obtain an individual joint model as close to the real behavior of each motor as 

possible. 

                                                     
𝐺(𝑠) =

1

𝜔2𝑠 + 2𝜔𝜁𝑠 + 1
   (8.1) 

8.2 Q-Learning 

Q learning is a technique for resolving reinforcement learning challenges which is capable of 

learning a policy based solely in spurious feedback [63]. This algorithm keeps a Q table that stores the 

expected outcome of performing an action in a given state. After performing an action a in state s, the agent 

receives a reward r and arrives to state s. Then, the Q table is updated according to equation (8.2), where 

𝛼 is a learning rate parameter between 0 and 1. 

                                                     𝑄(𝑠, 𝑎) =  𝑄(𝑠, 𝑎) + 𝛼(𝑟+𝑚𝑎𝑥𝑎′𝑄(𝑠′, 𝑎′) −  𝑄(𝑠, 𝑎))   (8.2) 

     A policy 𝛱 of which action to perform at each state can be derived from the Q table, as shown in equation 

(8.3). 

                                                     𝛱: 𝑠 → 𝑎 ∷ 𝛱(𝑠) = 𝑎𝑟𝑔𝑚𝑎𝑥𝑎𝑄(𝑠, 𝑎)   (8.3) 

8.3 Standing up Learning Algorithm 

The Q-Learning algorithm controlled the ankle and knee joints only, while torso is set to vertical 

position in reference to the ground.  The angular velocities and positions of the ankle and knee joints 

determined the state. Each joint state-space was discretized using a fixed length discretization. The same 

fixed length discretization was performed for velocities. 

The agent performed one of three possible actions, which changed the ankle and knee velocities 

by digressing it, leaving it unmodified or incrementing it. The digressions and increments were done by a 

fixed predefined value. 

Equation (8.4) shows how the reward is computed. A negative reward is given whenever the 

humanoid performs a motion that leaves a joint in an invalid position, according to the NAO robot limits.  

A negative reward is also given if the humanoid fails. It is considered to have failed when the 

location of the hip joint along the sagittal plane is further than a non-return point. A positive reward is given 

if the humanoid reaches a target stand up position within some error tolerance and all joint angular velocities 
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are below a threshold. The position requirement is necessary for the humanoid to learn the task of standing 

up. The velocity constraints, on the other hand, ensure that the final inertia of the standup motion can be 

accomplished without the robot falling or making a big energy effort to lower it.  

The average produced torque is subtracted from the positive reward value. This promotes solutions 

that minimize torque application, which in turn minimizes energy consumption. Only one non-zero reward 

is given in each episode, right before the episode terminates. 

                                                     

 

  (8.4) 

8.4 Simulator 

In order to achieve offline learning, a simulator was programmed using the motor, kinematic and 

dynamic models previously described. 

First, an action is selected by determining the state and querying the Q-Value table. Then, the 

motor models are used to compute the motor response to the required velocities. After that, kinematic 

models are applied to find joint positions, angular velocities and angular accelerations. This data is used by 

dynamic model to compute the performed torques.  

Simulate
Motors

Compute
Kinematics

Choose
Action

Compute
Torques

Update
Q Tables

Start

Finish

Standing

Fell

 

Figure 8.1 The flow of events of a single iteration inside an episode. 

Those torques, along with the kinematic information, are in turn used to compute the reward and 

update the Q-Value table.  
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A decision process is carried out to determine whether the episode has failed, succeeded, or it 

should continue. In the latter case, the cycle starts all over again.  

8.5 Energy, Power Performance and Evaluation 

In order to study the energy and power performance, previously mentioned key considerations 

equations (5.1 – 5.5) in Chapter 5 are used to analyze this model. Joint power consumption, average 

mechanical power, power standard deviation, and loss energy values are calculated for each joint.  

8.6 Experimental Setup 

The robot parameters used in the kinematic and dynamic models, such as link length, link masses 

and joint angular limits were taken directly from Aldebaran. Additionally, the motor transfer functions were 

derived from data taken from the real robot while performing standing up motion.  

The time step for the motor response computations was set to 10ms, which corresponds to the 

default control cycle for this robot. Finally the simulator was tailored to the NAO robot. This allowed for the 

application of joint configuration space paths to be seamlessly applied to the real robot. 

8.7 Results 

Simulation environment determined the joint trajectories for best energy utilization by using Matlab 

program and produced the required motions. Motions are applied to the real robot by python language.  

A custom made NAO local module (getsensorvalues) is used to collect the joint position and 

electrical current usage values and dumped the data to a csv file on the robot harddrive. This data is 

analyzed by Matlab programs later. Robot is controlled over ethernet network.  

Results are presented per joints (ankle, knee, and hip) for stand up and sit down motions by 

comparing Aldebaran and Q Learning routines.  

Results include the joint position, velocity, acceleration, torque, mechanical power and current 

consumption of both routines in the same figure for comparison. Discussion about the analysis of each 

result will follow the individual figure. 

Figure 8.2 shows the joint trajectories performed by both Aldebaran and QL stand up and sit down 

routines. QL routine shows its difference by reaching its target rotation degree sooner for stand up motion, 

but it uses almost same time reaching its target but slightly different trajectory, a longer trajectory, for sit 

down. 
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Figure 8.2 Joint position comparisons for stand up and sit down 

  

Figure 8.3 Joint velocity comparisons for stand up and sit down 

Joint velocity comparisons are shown in Figure 8.3. Q Learning routine reaches higher velocity 

quicker, at the beginning of the routine, for stand up motion and it reaches its maximum velocity towards 

the end of the sit down motion. Q Learning builds up more inertial forces at the beginning of the standing 

up, and it uses gravity force help mostly during the sit down. 

Joint acceleration comparisons are shown in Figure 8.4. Q Learning routine has higher ankle and 

knee joint acceleration than Aldebaran routine at the beginning of stand up and at the end of the sit down 
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motions. Q Learning hip joint acceleration is higher than Aldebaran hip joint acceleration for both stand up 

and sit down.  

  

Figure 8.4 Joint acceleration comparisons for stand up and sit down 

  
Figure 8.5 Joint torque comparisons for stand up and sit down 

Figure 8.5 shows the torque required by each joint for both stand up and sit down motions. By 

looking at Q Learning routine, ankle joint requires more torque at the beginning, and less torque for the rest 

of stand up, less torque at the beginning of sit down and more torque at the end of the sit down, knee joint 

uses slightly more torque for stand up and sit down, hip joint uses more torque for both motions. These 
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results show the effect of velocity and acceleration on the joint requirements for torque. Table III shows the 

total torque required by each joint during stand up, ankle and hip joints total torque decreased while the 

knee joint total torque increased. In Table 8.1 for sit down motion, ankle joint total torque decreased while 

the knee and hip joints total torque increased. 

Table 8.1 Comparison of total torque by each joint 

Stand Up Torque (N*m) (Total per joint) 

  Ankle Knee Hip 

Aldebaran 311.2507 337.8637 35.0482 

Q Learning 199.8457 349.7881 17.421 

Change -111.405 11.9244 -17.6272 

Joint Change (%) -55.745 3.409 -101.183 

Total Change (%) -17.11 

 

Sit Down Torque (N*m) (Total per joint) 

  Ankle Knee Hip 

Aldebaran 241.4009 277.5257 20.4802 

Q Learning 177.905 320.0648 34.9446 

change -63.4959 42.5391 14.4644 

Joint Change (%) -35.67 13.291 41.392 

Total Change (%) -12.03 

 

 

  
Figure 8.6 Joint mechanical power comparisons for stand up and sit down 

Mechanical power produced by each joint is shown in Figure 8.6. Q learning routine needs more 

mechanical power from three joints at the beginning of the standing up motion, and this power need 

diminishes towards the end of the motion. This is in accordance with the other results shown in Figure 8.4. 

Q learning routine uses gravity to its advantage by using minimum mechanical power at the beginning of 

the sitting down motion, and it requires more power for hip at the end, slightly less power for both ankle and 

knee joints. Table 8.2 shows the total mechanical power per link for stand up and sit down. Even though 
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ankle and hip joint used less mechanical power, knee power used more. Percentage change values are 

presented in the Table 8.2. For sit down motion, while ankle joint uses less mechanical power, knee and 

hip joints uses more mechanical power. 

Table 8.2 Comparison of mechanical power by each joint 

Stand Up Mechanical power (N*m*Rad/Sec) (Total) 

  Ankle Knee Hip 

Aldebaran 89.3364 158.9411 9.8351 

Q Learning 56.9992 222.9058 3.8435 

Change -32.3372 63.9647 -5.9916 

Joint Change (%) -56.732 28.695 -155.889 

Total Change (%) 9.93 

 

 Sit Down Mechanical power (N*m*Rad/Sec) (Total) 

  Ankle Knee Hip 

Aldebaran 75.3304 177.3991 4.7311 

Q Learning 58.234 247.785 10.0908 

Change -17.0964 70.3859 5.3597 

Joint Change (%) -29.358 28.406 53.114 

Total Change (%) 22.77 

 

 

 

  

Figure 8.7 Joint current consumption comparisons for stand up and sit down 

Electrical current consumption comparison is shown in Figure 8.7. Q Learning routine demand less 

current usage for ankle and hip during standing up, and slightly more current for knee joint than Aldebaran 

routine. Sitting down joint current consumption is different than standing up consumption. Q Learning 

routine uses less current for knee and hip joint, slightly more current consumption for ankle joint than 

Aldebaran routine. These results are in accordance with the torque requirement for each joint as seen in 

Figure 8.5. Table 8.3 shows the total current used by each joint for stand up. Ankle and hip joints use less 
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current while knee joint uses 11% more electrical current. Table 8.3 also shows the total electrical current 

per joint for sit down motion. Knee and hip joints uses less current while ankle joint uses 4% more current. 

Total current used for stand up is 45% less and for sit down 33% less. 

Table 8.3 Comparison of total electrical current by each joint 

Stand Up Total Current (Ampere) per joint 

  Ankle Knee Hip 

Aldebaran 186.7388 136.7272 70.954 

Q Learning 81.148 154.8232 35.6936 

Change -105.5908 18.096 -35.2604 

Joint Change (%) -130.121 11.688 -98.786 

Total Change (%) -31.122 

 

Sit Down Total Current (Ampere) per joint 

  Ankle Knee Hip 

Aldebaran 76.068 90.9264 55.3264 

Q Learning 80.552 33.452 51.9156 

Change 4.484 -57.4744 -3.4108 

Joint Change (%) 5.566 -171.811 -6.569 

Total Change (%) -25.369 

 

 

  

Figure 8.8 Joint input power consumption comparisons for stand up and sit down 

Joint electrical input power demand comparisons are shown in Figure 8.8. These results are 

showing the input power for each joint during standing up and sitting down. By using Q Learning routine, 

ankle joint uses less input power for standing up and sitting down, knee joint uses more power for standing 

up, less power sitting down, hip joint uses less input power for both motions than Aldebaran routine. Table 

8.4 shows the total electrical power per link for stand up and sit down motions respectively. Ankle and hip 

joints use less electrical power for stand up task, knee joint uses more. Knee and hip joint uses less 
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electrical power for sit down task while ankle joint uses less power. Total electrical power saving is 31% for 

stand up and 25% for sit down. 

Table 8.4 Comparison of total electrical power by each joint 

Stand Up Total Electrical Power (Watts) per joint 

  Ankle Knee Hip 

Aldebaran 4631.221 3390.834 1759.659 

Q Learning 2012.4704 3839.615 885.2012 

Change -2618.7506 448.781 -874.4578 

Joint Change (%) -130.126 11.688 -98.786 

Total Change (%) -31.123 

 

Sit Down Total Electrical Power (Watts) per joint 

  Ankle Knee Hip 

Aldebaran 1886.486 2254.974 1372.094 

Q Learning 1997.689 829.6096 1287.506 

Change 111.203 -1425.3644 -84.588 

Joint Change (%) 5.566 -171.811 -6.569 

Total Change (%) -25.369 

 

 

 

  

Figure 8.9 (left) Humanoid center of mass position change for standing up, joints are shown by green 
circles, head is shown by orange circle, (right) for sitting down, joints are shown by green circles, head is 
shown by orange circle 
 

Figure 8.9 show the center of mass position change for standing up and sitting down motions 

respectively. By looking at the Q Learning routine, it puts the center of mass above the ankle joint sooner 

in both motions than the Aldebaran routines does.  

Aldebaran routines lean forward to stand up and sit down, whereas Q Learning routine leans 

towards the back and align the vertical center of mass with ankle joint. Figure 8.10 shows the center of 

pressure for Aldebaran motion. Pressure point starts at the front of the ankle joint and stays mostly in the 

front area until motion is finished. 
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Figure 8.10 shows the center of pressure point for Q Learning standing up motion, where pressure 

point start from the front side of the ankle and ends very close to a point behind the ankle joint.  

Figure 8.11 shows the pressure of Aldebaran motion for sitting down motion, where pressure points 

are mostly in the front side of the ankle joint from start to the finish. Figure 8.11 shows the pressure points 

for Q Learning sitting down motion. Pressure points start from the behind of the ankle and end at the front 

of the ankle.  

  
Figure 8.10 (left) Center of pressure for Aldebaran standing up, green squares and blue line defines the 
foot pressure area, (right) for Q learning standing up, green squares and blue line defines the foot 
pressure area 
 

Table 8.5 shows the mechanical power performance of Q Learning (Q-L) and Aldebaran (Ald.) 

routine. Mechanical power, standard deviation of mechanical power, energy lost due to torque requirement 

and the change percentage between two routines are shown.  

Average mechanical power of ankle is lower for standing up and sitting down with Q Learning, knee 

joint mechanical power is higher than Aldebaran routine. Hip Q learning result is lower for standing up and 

higher in sitting down. Q Learning ankle joint lost energy is lower for both standing up and sitting down but 

ankle joint energy lost is higher for both motions. Q Learning hip joint energy loss is lower for standing up 

and higher for sitting down. 

Results show individual joint energy saving as well as overall humanoid energy consumption 

decrease for both motions. 
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Figure 8.11 (left) Center of pressure for Aldebaran sitting down, green squares and blue line defines the 
foot pressure area, (right) for Q learning sitting down, green squares and blue line defines the foot 
pressure area 
 

Table 8.5 Comparison average mechanical power by each joint 

Stand Up Sit Down 

Mechanical Power Average Mechanical Power Average 

  Q-L Ald.   Q-L Ald. 

Ankle 0.1425 0.2233 Ankle 0.1456 0.1883 

Knee 0.5573 0.3974 Knee 0.6195 0.4435 

Hip 0.0118 0.0246 Hip 0.0252 0.0096 

Mechanical Power Standard Deviation Mechanical Power Standard Deviation 

  Q-L Ald.   Q-L Ald. 

Ankle 0.1942 0.183 Ankle 0.3472 0.4106 

Knee 1.2459 0.8371 Knee 0.6778 0.3324 

Hip 0.0257 0.0236 Hip 0.057 0.0075 

Lost Energy Lost Energy 

  Q-L Ald.   Q-L Ald. 

Ankle 0.6047 0.8771 Ankle 0.5041 0.6922 

Knee 0.9868 0.9562 Knee 0.9364 0.8209 

Hip 0.0543 0.1025 Hip 0.0907 0.0499 
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Electrical input power for ankle and hip joints is reduced for standing up and electrical input current 

for knee and hip joints is reduced for sitting down by using Q Learning trajectories. Knee joint electrical 

input power increased slightly for standing up and ankle joint electrical input power increased slightly for 

sitting down by using Q Learning trajectories. Overall less electrical power is used by Q Learning routine 

for stand up and sit down motions.  

CoM and CoP results are shown for both Aldebaran and Q Learning algorithm. Q Learning routine 

tends to keep the center of pressure close to ankle joint and most of the time around a point behind the 

ankle joint, while Aldebaran routine keeps it in a position away from the ankle joint. Center of mass location 

is moved over to ankle joint quickly with Q Learning, whereas Aldebaran routine kept the location in front 

of the ankle. Q Learning caused the energy saving for both standing up and sitting down by choosing better 

location for CoM and CoP. As a result of these, joint torque requirements, and mechanical power 

requirements are changed.  
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CHAPTER 9: CONCLUSION 

 

Research on energy consumption and analysis is one of the major objectives of humanoid robotics 

study. In order for autonomous humanoids to be useful for a practical time, they need to reach a definite 

level of independence. If new generation of humanoid battery technology supply longer operational time, it 

is very important to control humanoid robots to be energy efficient. 

Even with a simplified model, a humanoid robot model can still be very difficult to analyze. In this 

study, standing up and sitting down motions are accomplished and all joints are analyzed per angular 

velocities for the best energy consumption level. Each individual joint electrical power consumption, 

electrical power losses are analyzed for standing up and sitting down per different joint angular velocities.  

Produced mechanical power, mechanical power standard deviation, and energy lost due to 

produced torque for each joint are analyzed for the best energy saving points. Ankle, knee and hip joints 

have very different dynamics, energy usage characteristics and electrical power losses for standing up and 

sitting down even with the same robot speed. These joints also have very different motion characteristics, 

energy usage, and mechanical power production for different angular speeds.  

In order to find the best possible energy usage per joint, produced torque, produced mechanical 

power, external forces applied on each joint and effect of angular speed and acceleration of joints on 

humanoid should be considered. There will be some velocities that some joint will use less energy while 

others will use more and there will be a velocity value that a joint will perform very badly. Trade off point for 

the best energy usage and performance will be a critical point to decide depending on the robot application. 

 Results have shown the influence of the motion parameters on the energy efficiency. The approach 

that is proposed to analyze the motions for better energy efficiency is different. For a general humanoid 

robot, a path is given to follow. Joint trajectories are obtained from the model robot uses, such as CoM 

trajectory or foot trajectory. Individual joint trajectories might create peaks of current usage, large standard 

deviation of mechanical power, and torque. The approach in this research is to analyze the individual joints 
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and their contribution to overall energy consumption. This information can be used for better trajectories 

with minimal energy usage. This approach presented effective results. 

 Dependable motion control is essential to permit humanoid robots to adapt a dynamic environment, 

maintain a balance and decrease energy consumption. Chapters 4-8 provided the model for balance, 

walking and constraints for the humanoid model. In order to reach a satisfying performance in humanoid 

motion task, it is essential to have a model of the control and use the energy consumption of each joint and 

overall humanoid as feedback. Because the effectiveness of the results succeeded in one model affects 

the quality of the other model.    
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